
 
 

熊本高等専門学校 研究報告 第 1 号（2024）  

 
 
 

Macaulay dual generators of complete intersection ideals 
defined by complete homogeneous symmetric polynomials 

of successive degrees 
 

Satoru ISOGAWA1,* 
 

In this paper, we describe the contraction-annihilated Macaulay dual generators for complete intersection ideals defined 
by complete homogeneous symmetric polynomials of successive degrees. We also provide the first syzygy of the associated 
graded ring of each of these complete intersections with respect to the last variable. Using this, we prove that each of these 
complete intersections possesses the strong Lefschetz property, provided that the coefficient field of the polynomial ring has 
characteristic 0.  
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1. Introduction 

Let 1[ , , ]nR K x x   be a polynomial ring in n variables over a field K , m  the graded maximal ideal of R , and I   

a m -primary homogeneous ideal of R  with the standard grading, i.e., deg 1ix   for 1, ,i n  , and let /A R I . 

Definition 1.1. We say that 
0

c

i
i

A A


  has the strong Lefschetz property (SLP) if there exists a linear form 1y A  such that the 

multiplication map :d
i i dy A A    has full rank for all 1 d c   and 0 i c d   . 

The long-standing conjecture that every Artinian complete intersection should have the SLP has been studied by many authors but 
here we list only two survey papers (1) and (2) as references. 

In this paper, we focus on a complete intersection ideal I defined by complete homogeneous symmetric polynomials of successive 

degrees, and let /A R I .  

In Section 2, we provide a first syzygy of the associated graded module  zG A  with respect to the last variable nz x . Using 

this, we give a proof that A  has the SLP if K is a field of characteristic 0. 

In Section 3, we present a contraction annihilated Macaulay dual generator of A   and  zG A  , which is effective for any 

characteristic of the coefficient field K , although the differential version is already known in characteristic 0 case (Example 2.87 in 

(1)).  
 

2. Associated graded module with respect to the last variable  

2.1 Preliminary  
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(2)    
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a n

j
h a n j e j z


 



     and     1( ), , 2 , a nI a h a h a n z     . 

(3)  I a  is a complete intersection ideal. 

(4)     1: ( ), , 2 ,j a n jI a z h a h a n z       for 0 1j n a    . 

(5) 
 
 

 
   

0 1, , 2:
/ 1

j j n aRz I a z
Rz I a R I a j a n

          


 . 

 

Proof. (1) It is enough to show that    h a r I a   for 1r a n   . We prover this by induction on 1r a n   . If 1r a n   , 

then clearly    1h a n I a    . Let 1r a n    . By Lemma 2.1.2, we have      
1

0
n

n n n
j

h a r h a r j e j


      . Hence by the 

induction hypothesis and a r n a   ,      nh a r h a r I a    . 

(2) We only prove the first equation. Since      
0 0

r
i i

i i
h r h r i z h r i z

 

       for 0r  , we have 

                  
1 1 1 1

0 0 0 0 0
1 1 1

n n a n n
i i

j j i i j
h a n j e j h a n j i z e j h a n i j e j z

    

    

                     

   
2 1

1 1

0 0
1

a n n
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i j
z h a n i j e j z z

  
   

 

         . 

   Here we remark that    
2 1

0 0
1 0

a n n

i j
h a n i j e j

  

 

        by Lemma 2.1.2. since 1 1a n i     for  2 0a n i    . 

(3) Using (2), it is enough to show that 
       1dim dim

( ), , 2 , 1 ( ), , 2 ,K K a n
n n n n n

R R
h a h a n h a n h a h a n z  

  
      

.  

We prove this by induction on n  the number of variables. If  1n  , then the assertion clearly holds. Let 1n  . By the induction 

hypothesis, the following holds: 

     1 1

dim dim
( ), , 2 , ( ), , 2K K

n n n n

R R
h a h a n z h a h a n 


  

    
. 

Hence we have 
      11

dim dim
( ), , 2 , ( ), , 2 ,

K K a na n
n n n n

R R
h a h a n z h a h a n z

  
  

    
. 

(4) By (3), 1( ), ( 1), , a nh a h a z     is a regular sequence in R . Therefore the assertion holds by (2).  

(5) This follows from (4).   

 

   M d   denotes the translation of a graded R  -module M   by degree d   , i.e.,   d iiM d M    for i   where jM  

denotes the degree j  component of M . Let I R  be a m -primary homogeneous ideal and put /A R I  and 10 y R  .  

We have the following commutative diagram with exact rows: 

 
1 2 3

1

1

1
1

0 ( 1) ( ) ( ) 0
0 : 0 : 0 :

0 0 .

i i i

i i i

i
i i

i

y

y y y

A A Ai i i
y y yA y

y Ay A y A
y A

  








     

                       
  

   
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Let 1 1 1[ , , ] [ , , ] [ ]n n nR K x x R K x x R x        be a polynomial subalgebra of R   in first 1n    variables. We often 

denote the last variable nz x  .   , 0  , 0  denote the set of integers, non-negative integers, non-positive integers 

respectively. We sometimes use the multi-index notation for a monomial 1
1

n
nx x x R    and denote 1deg nx       , 

where  1 0, , n
n      . 

 

Notation 2.1.1. We assume that 2n  , where n is the number of variables. 

(1)  ( ) n
a

h a h a x R

 

    the complete homogeneous symmetric polynomial of degree a  in n  variables 

   for 1,2,a   ,    0 0 1nh h   and it is convenient to define     0nh a h a   for 0a  . 

(2)  ( ) n
a

h a h a x R





 

      the complete homogeneous symmetric polynomial of degree a  in 1n   variables 

   for 1,2,a   ,    10 0 1nh h     and    1 0nh a h a    for 0a  . 

(3)  
1

11
( 1)

i
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i
n j j

j j n
e i x x

   

  


  the signed elementary symmetric polynomial of degree i  in n  variables for 1, ,i n   , 

 0 1ne   and it is convenient to define   0ne i   for 0i   or i n . 

(4)  
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00, , 1

( 1 )
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i
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z x e n i z R


 

     


  , where nz x   and  1( ) ne i e i    the signed elementary symmetric polynomial of 

degree i  in 1n   variables for 0, , 1i n   and   0e i   for 0i   or 1i n  . 

 
By observing the product of the generation functions of complete homogeneous symmetric polynomials and signed elementary 

symmetric polynomials:      
0 0 1 1

1 1 1
1

n nn
i j

n n i
i j i ii

h i t e j t x t
x t



   

             
    , we get the following well-known lemma. 

 
Lemma 2.1.2. The following holds: 

            
min{ , }

0 0
0

m nn

n n n n n n
j j j

h m j e j h m j e j h m j e j
  

       


 for any integer 1m  . 

 

  2.2 Associated graded module   /zG R I a  

Our main objects are ideals generated by complete homogeneous symmetric polynomials of successive degrees: 

      ( ), 1 , , 1I a h a h a h a n R      for 1a   and 1n   and 

      ( ), 1 , , 2I a h a h a h a n R          for 1a   and 2n  . 

 

For an ideal I R  and f R , we denote  :I f g R gf I   . Maybe the following lemma is well-known, but we provide 

a proof for the sake of a self-contained explanation. 
 

Lemma 2.2.1.  Let a  be an integer with 1a  . Then the following holds: 

(1)    h a r I a   for all integers 0r  . 
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We prove this by induction on n  the number of variables. If  1n  , then the assertion clearly holds. Let 1n  . By the induction 

hypothesis, the following holds: 
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(5) This follows from (4).   
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Our main objects are ideals generated by complete homogeneous symmetric polynomials of successive degrees: 

      ( ), 1 , , 1I a h a h a h a n R      for 1a   and 1n   and 

      ( ), 1 , , 2I a h a h a h a n R          for 1a   and 2n  . 

 

For an ideal I R  and f R , we denote  :I f g R gf I   . Maybe the following lemma is well-known, but we provide 

a proof for the sake of a self-contained explanation. 
 

Lemma 2.2.1.  Let a  be an integer with 1a  . Then the following holds: 

(1)    h a r I a   for all integers 0r  . 
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(1) (Theorem 3.10 in (3)) [ ] / [ ]d

K
A K t t K t  has the SLP for any integer d  with 1d   if A  has the SLP. 

(2) (Theorem 4.6 in (3)) A  has the SLP if and only if  yG A  has the SLP for some 10 y R  . 

 
The following is our main theorem in this section. 
 

Theorem 2.2.6. Let ,a n  be integers with 1a   and 2a  .Then the following hold: 

(1)         1 1/ ( ) / ( ) [ ] / z [ ] / ,z a n a n

K
G R I a R I a K z K z R I a z       . 

(2)  / ( )zG R I a  and / ( )R I a  have the SLP if the characteristic of the coefficient field K  is 0. 

 

Proof. Let / ( )A R I a  then  0 / ( )zG A R I a  .  

(1) By Lemma 2.2.1(5) and Remark 2.2.2, we have the following: 

       
1

1
0 0

0
[ ] / z [ ]

a n
z z i z a n

Ki
G A G A z G A K z K z

 
 



  . 

Or equivalently, using Remark 2.2.5,     1in , a nzI a I a z    since by Lemma 2.2.1 (4),   0
: i

z
I R I z


   for 0 1i a n     

and   0
: i

z
R I z


  for 1i a n   . 

(2) We prove this by induction on 2n   the number of variables.  

Let 2n   . Using (1),      1
0 [ ] / z [ ]z z a n

K
G A G A K z K z    has the SLP by Theorem 2.2.6(1), since both    0 1 1[ ] /z aG A K x x  

and 1[ ] / z [ ]aK z K z  have the SLP. Hence also A  has the SLP by Theorem 2.2.6(2).   

Let 2n  . By the induction hypothesis,  0 / ( )zG A R I a   has the SLP. Again using (1) and Theorem 2.2.6(1),  zG A  has the 

SLP. Hence also A  has the SLP by Theorem 2.2.6(2).   

 

3. Macaulay dual  

3.1 Contraction 
Let  , 0 , 0 denote the set of integers, non-negative integers, non-positive integers respectively. We need several commutative 

K -algebras stated as below. 

 
Notation 3.1.1.  

(1) 1[ , , ] '[ ]n nR K x x R z x    where 1 1[ , , ]nR K x x    . 

(2) 1 1
1[ , , ]nR K x x    . 

(3) 1 1
1 1[ , , , , , ]n nK x x x x     and 1 1

1 1[ , , , , , ]n nK x x x x     .  

 

We introduce a partial order   on n  as follows: 
def

1 1, , n n         for integer vectors    1 1, , , , , n
n n          . 

 
Notation 3.1.2. 

     1 10
, , 0, , 0n n

n n    

        ,     1 10

, , 0, , 0n n
n n    


        
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Since 1  and 2  are isomorphisms, we have the following isomorphism:   1( )
0 :

i

ii

A y Ai
y AyA y 

 
  
  

 . 

Using this, we have also the following commutative diagram with exact rows: 

 
     

 

1 2 3

1

1

1

1

1 2

0 :
0 ( ) ( ) ( ) 0

0 : 0 : 0 :

0 ker 1 0 .

i i i

i

i i i

i i

i i

y

y y y

yA y A Ai i i
yA y yA y yA y

y A y A
y A y A



  











 

 

     

     
           
            

  

   

 

Since 2  and 3  are isomorphisms, we have the following remark. 

 

Remark 2.2.2. The following holds for Artinian graded K -algebra /A R I  and every non-negative integer i : 

 

   
 

11

1 2

0 :
ker 1

0 :

ii i

i i i

y yA yy A y A
y A y A yA y



 

  
 

 
  (up to shifting), where 10 y R  . 

 

Definition 2.2.3. Let /A R I   an Artinian graded K  -algebra. We define the associated graded ring  yG A   with respect to 

10 y R   as follows:    
0

y y
i

i
G A G A



 , where    1

i
y

i i

y AG A
y A  for 0,1,i   . 

 

Notation 2.2.4. Let I R  be a homogeneous ideal and nz x .    0zI   is an ideal of R  such that  

   00 z
f I

zI f R



  , where 0zf   is a polynomial evaluated at 0z  . 

 

Let t be an indeterminant. We can assume that  yG A  is a  0 [ ]yG A t -module by defining the t -action on  yG A  as follows:  

   1

1

1 2

y y
i i

i i

i i

t

y

G A G A

y A y A
y A y A





 









  .  Since      0
0 0

y y i y
i

i i

G A G A t G A
 

    is a principal  0 [ ]yG A t -module, we have  

   0 [ ]y
yG A t

G A
J

   for some graded ideal  0 [ ]yJ G A t  . Moreover, if ny z x   , then  0 / /zG A A zA R I     where 

  0zI I 
  . Therefore taking t z ,    / [ ] [ ]

in
z

z
R I z R zG A

J I
  

   for some homogeneous ideal in [ ]zI R z R  . Actually,  

 
0

in ini
i

i

z zI z I R


  , where   0
in : i

i
z

z
I I z


  for 0,1,i   . We state this as the remark bellow. 

 
Remark 2.2.5.   / inz zG A R I , where  

0
in ini

i
i

z zI z I R


   with   0
in : i

i
z

z
I I z


  for 0,1,i   . 

  
  We now recall the characterizations of the strong Lefschetz property (SLP) stated in [3] below. 
 

Theorem 2.2.6. Let /A R I  an Artinian graded K -algebra and assume that the characteristic of K is 0. Then the following 

hold: 

― 4 ―
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(1) (Theorem 3.10 in (3)) [ ] / [ ]d

K
A K t t K t  has the SLP for any integer d  with 1d   if A  has the SLP. 

(2) (Theorem 4.6 in (3)) A  has the SLP if and only if  yG A  has the SLP for some 10 y R  . 

 
The following is our main theorem in this section. 
 

Theorem 2.2.6. Let ,a n  be integers with 1a   and 2a  .Then the following hold: 

(1)         1 1/ ( ) / ( ) [ ] / z [ ] / ,z a n a n

K
G R I a R I a K z K z R I a z       . 

(2)  / ( )zG R I a  and / ( )R I a  have the SLP if the characteristic of the coefficient field K  is 0. 

 

Proof. Let / ( )A R I a  then  0 / ( )zG A R I a  .  

(1) By Lemma 2.2.1(5) and Remark 2.2.2, we have the following: 

       
1

1
0 0

0
[ ] / z [ ]

a n
z z i z a n

Ki
G A G A z G A K z K z

 
 



  . 

Or equivalently, using Remark 2.2.5,     1in , a nzI a I a z    since by Lemma 2.2.1 (4),   0
: i

z
I R I z


   for 0 1i a n     

and   0
: i

z
R I z


  for 1i a n   . 

(2) We prove this by induction on 2n   the number of variables.  

Let 2n   . Using (1),      1
0 [ ] / z [ ]z z a n

K
G A G A K z K z    has the SLP by Theorem 2.2.6(1), since both    0 1 1[ ] /z aG A K x x  

and 1[ ] / z [ ]aK z K z  have the SLP. Hence also A  has the SLP by Theorem 2.2.6(2).   

Let 2n  . By the induction hypothesis,  0 / ( )zG A R I a   has the SLP. Again using (1) and Theorem 2.2.6(1),  zG A  has the 

SLP. Hence also A  has the SLP by Theorem 2.2.6(2).   

 

3. Macaulay dual  

3.1 Contraction 
Let  , 0 , 0 denote the set of integers, non-negative integers, non-positive integers respectively. We need several commutative 

K -algebras stated as below. 

 
Notation 3.1.1.  

(1) 1[ , , ] '[ ]n nR K x x R z x    where 1 1[ , , ]nR K x x    . 

(2) 1 1
1[ , , ]nR K x x    . 

(3) 1 1
1 1[ , , , , , ]n nK x x x x     and 1 1

1 1[ , , , , , ]n nK x x x x     .  

 

We introduce a partial order   on n  as follows: 
def

1 1, , n n         for integer vectors    1 1, , , , , n
n n          . 

 
Notation 3.1.2. 

     1 10
, , 0, , 0n n

n n    

        ,     1 10

, , 0, , 0n n
n n    


        
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Since 1  and 2  are isomorphisms, we have the following isomorphism:   1( )
0 :

i

ii

A y Ai
y AyA y 

 
  
  

 . 

Using this, we have also the following commutative diagram with exact rows: 

 
     

 

1 2 3

1

1

1

1

1 2

0 :
0 ( ) ( ) ( ) 0

0 : 0 : 0 :

0 ker 1 0 .

i i i

i

i i i

i i

i i

y

y y y

yA y A Ai i i
yA y yA y yA y

y A y A
y A y A



  











 

 

     

     
           
            

  

   

 

Since 2  and 3  are isomorphisms, we have the following remark. 

 

Remark 2.2.2. The following holds for Artinian graded K -algebra /A R I  and every non-negative integer i : 

 

   
 

11

1 2

0 :
ker 1

0 :

ii i

i i i

y yA yy A y A
y A y A yA y



 

  
 

 
  (up to shifting), where 10 y R  . 

 

Definition 2.2.3. Let /A R I   an Artinian graded K  -algebra. We define the associated graded ring  yG A   with respect to 

10 y R   as follows:    
0

y y
i

i
G A G A



 , where    1

i
y

i i

y AG A
y A  for 0,1,i   . 

 

Notation 2.2.4. Let I R  be a homogeneous ideal and nz x .    0zI   is an ideal of R  such that  

   00 z
f I

zI f R



  , where 0zf   is a polynomial evaluated at 0z  . 

 

Let t be an indeterminant. We can assume that  yG A  is a  0 [ ]yG A t -module by defining the t -action on  yG A  as follows:  

   1

1

1 2

y y
i i

i i

i i

t

y

G A G A

y A y A
y A y A





 









  .  Since      0
0 0

y y i y
i

i i

G A G A t G A
 

    is a principal  0 [ ]yG A t -module, we have  

   0 [ ]y
yG A t

G A
J

   for some graded ideal  0 [ ]yJ G A t  . Moreover, if ny z x   , then  0 / /zG A A zA R I     where 

  0zI I 
  . Therefore taking t z ,    / [ ] [ ]

in
z

z
R I z R zG A

J I
  

   for some homogeneous ideal in [ ]zI R z R  . Actually,  

 
0

in ini
i

i

z zI z I R


  , where   0
in : i

i
z

z
I I z


  for 0,1,i   . We state this as the remark bellow. 

 
Remark 2.2.5.   / inz zG A R I , where  

0
in ini

i
i

z zI z I R


   with   0
in : i

i
z

z
I I z


  for 0,1,i   . 

  
  We now recall the characterizations of the strong Lefschetz property (SLP) stated in [3] below. 
 

Theorem 2.2.6. Let /A R I  an Artinian graded K -algebra and assume that the characteristic of K is 0. Then the following 

hold: 

― 5 ―
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(2)      cont , , ,fg h fg h fgh fg h f g h        . 

(3)  cont ,g ,1 1,f fg f g   . 

 
  The following lemma is quite simple but useful for calculating contractions. 
Lemma 3.1.7. Let   ,i

i
i

c z 


  


 with  ic    for i  and    . Then the following holds: 

  0
0

, , ,i
i

i
c z     



     where  0
0

i
i

i
c z 



 . 

 
Proof.           0

0 0
, , ,i i i

i i i
i i i

c z c z c z               


  

           


.   

 
3.2 Macaulay dual 

  Let m  be the graded maximal ideal of R . We remark that    grHomgr , /K RR R K E R   m  the graded injective envelop of 

the residue field /R m  of R .  M d  denotes the translation of a graded R -module M  by degree d  , i.e.,   d iiM d M   

for i  where jM  denotes the degree j  component of M and by abuse of notation, we denote  Homgr ,KM M K   . 

Let I R  be a graded Gorenstein m -primary ideal. Then the minimal free resolution of  /R I   has the following form: 

   0 / 0nF R d R I       (exact), 

since     / /R I R I d    for some d   . Taking    Homgr ,K K    on the above exact sequence, we have the minimal 

injective resolution of /R I : 

10 / 0n nR I R F F  
        (exact). 

Hence  / / annR I R F R F    for some F R  , where    ann 0F g R g F     . We call F R  (or F R   ) a 

“Macaulay dual generator” of the m -primary Gorenstein graded ideal I . Here we remark the following: 

    ann cont g, 0f g R f g f        for f R . 

 

Notation 3.2.1. Let I R  be a m -primary graded ideal. 

(1)    
/

soc / 0 : / 0
R I

R I g R I g  m = m  the socle ideal of /R I , where Im = m / . 

  Moreover if I  is a m -primary Gorenstein graded ideal, then    soc /R I K d  for some 0d   and we denote 

(2)      soc-deg / max / 0
i

R I d i R I    . 

(3)  * */F R I F (up to non-zero constant) if /R I R F . We say that *F  is a Macaulay dual generator of /R I . 

 

  The following lemma asserts that if there exists a surjective morphism between Artinian Gorenstein graded K -algebras of the 

same socle degree, then the morphism is an isomorphism. 
 

Lemma 3.2.2. Let I J R   be Gorenstein m -primary graded ideals. 

(1)  If    soc-deg / soc-deg /d R I R J  , then I J . 

(2)  annI f   and  soc-deg / degR I f , then  annI f  . 
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We sometimes use the multi-index notation for monomials of Laurent monomial 1
1

n
nx x x     , where  1, , n

n     . 

We need more notations before introducing the contraction. 
 
Notation 3.1.3. 

(1) 1 1 1 1
1 1 1: [ , , , , , ] [ , , ]n n nK x x x x R K x x           a K -linear map defined by    

 
0

0 others

x
x


 


  


. 

(2)  * :    a K -algebra isomorphism defined by  *
x x  , which induces the K -algebra isomorphism between    

sub K -algebras R  and R , i.e, induces a duality  *R R  and  *R R  . 

 

Definition 3.1.4.(Contraction) Let , ,f g R F R      and ,   . 

(1) , :      K -bilinear map defined by  *,    . 

(2) : R R R     K -bilinear map defined by   *,f F fF f F   . 

(3)  cont , : R R R   K -bilinear map defined by    cont , ,gf g f g f   . 

   We call  cont ,f g  “the contraction of g by f ”. Especially,  *cont ,f F f F   and  cont ,f g f g  . 

Here we remark that the contraction operator is a variant of the differential operator. In this point of view, it is common to use the 

divided power algebra instead of the polynomial ring R  but in this paper, we don’t need the divided power structure.  

Let grModR  denote the category of graded R -modules. 

 

Remark 3.1.5. We remark that grModR R  . Let ,f g R   and ,F G R  . Actually, the following hold: 

(1) ( ) ( ( )) ( ) ( ) ( )f F G f F G fF fG fF fG f F f G               . 

(2)    ( ) ( ) ( ) ( )f g F f g F fF gF fF gF f F g F                . 

(3)    fg F f g F     holds. Since for  
0

, n 


   and  
0

n


  , we have 

                   
 

 
 

 0 0

0 others0 others

x x
x x x x x x x x

     
        

     


   


              
 

. 

Here we use the fact that 0      implies 0    (         ) to prove the third equality of the above equation. 

For general 
0 0 0

, ,f c x g c x F c x  
  

    

     , using the K -linearity of this product,  

                 
0, 0, 0 0, 0, 0

f g F c c c x x x c c c x x x fg F     
     

          

          . 

(4)  1 F F F   . 

 

The following rules are convenient to calculate contractions by using the pairing , . 

 

Remark 3.1.6. Let , ,f g h R . The following hold: 

(1)       *cont , , ,f gh f gh f gh fg h fg h        . 

― 6 ―

Research Reports of NIT （KOSEN） , Kumamoto College. Vol.1（2024）



 
 

熊本高等専門学校 研究報告 第 1 号（2024）  

(2)      cont , , ,fg h fg h fgh fg h f g h        . 

(3)  cont ,g ,1 1,f fg f g   . 

 
  The following lemma is quite simple but useful for calculating contractions. 
Lemma 3.1.7. Let   ,i

i
i

c z 


  


 with  ic    for i  and    . Then the following holds: 

  0
0

, , ,i
i

i
c z     



     where  0
0

i
i

i
c z 



 . 

 
Proof.           0

0 0
, , ,i i i

i i i
i i i

c z c z c z               


  

           


.   

 
3.2 Macaulay dual 

  Let m  be the graded maximal ideal of R . We remark that    grHomgr , /K RR R K E R   m  the graded injective envelop of 

the residue field /R m  of R .  M d  denotes the translation of a graded R -module M  by degree d  , i.e.,   d iiM d M   

for i  where jM  denotes the degree j  component of M and by abuse of notation, we denote  Homgr ,KM M K   . 

Let I R  be a graded Gorenstein m -primary ideal. Then the minimal free resolution of  /R I   has the following form: 

   0 / 0nF R d R I       (exact), 

since     / /R I R I d    for some d   . Taking    Homgr ,K K    on the above exact sequence, we have the minimal 

injective resolution of /R I : 

10 / 0n nR I R F F  
        (exact). 

Hence  / / annR I R F R F    for some F R  , where    ann 0F g R g F     . We call F R  (or F R   ) a 

“Macaulay dual generator” of the m -primary Gorenstein graded ideal I . Here we remark the following: 

    ann cont g, 0f g R f g f        for f R . 

 

Notation 3.2.1. Let I R  be a m -primary graded ideal. 

(1)    
/

soc / 0 : / 0
R I

R I g R I g  m = m  the socle ideal of /R I , where Im = m / . 

  Moreover if I  is a m -primary Gorenstein graded ideal, then    soc /R I K d  for some 0d   and we denote 

(2)      soc-deg / max / 0
i

R I d i R I    . 

(3)  * */F R I F (up to non-zero constant) if /R I R F . We say that *F  is a Macaulay dual generator of /R I . 

 

  The following lemma asserts that if there exists a surjective morphism between Artinian Gorenstein graded K -algebras of the 

same socle degree, then the morphism is an isomorphism. 
 

Lemma 3.2.2. Let I J R   be Gorenstein m -primary graded ideals. 

(1)  If    soc-deg / soc-deg /d R I R J  , then I J . 

(2)  annI f   and  soc-deg / degR I f , then  annI f  . 
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We sometimes use the multi-index notation for monomials of Laurent monomial 1
1

n
nx x x     , where  1, , n

n     . 

We need more notations before introducing the contraction. 
 
Notation 3.1.3. 

(1) 1 1 1 1
1 1 1: [ , , , , , ] [ , , ]n n nK x x x x R K x x           a K -linear map defined by    

 
0

0 others

x
x


 


  


. 

(2)  * :    a K -algebra isomorphism defined by  *
x x  , which induces the K -algebra isomorphism between    

sub K -algebras R  and R , i.e, induces a duality  *R R  and  *R R  . 

 

Definition 3.1.4.(Contraction) Let , ,f g R F R      and ,   . 

(1) , :      K -bilinear map defined by  *,    . 

(2) : R R R     K -bilinear map defined by   *,f F fF f F   . 

(3)  cont , : R R R   K -bilinear map defined by    cont , ,gf g f g f   . 

   We call  cont ,f g  “the contraction of g by f ”. Especially,  *cont ,f F f F   and  cont ,f g f g  . 

Here we remark that the contraction operator is a variant of the differential operator. In this point of view, it is common to use the 

divided power algebra instead of the polynomial ring R  but in this paper, we don’t need the divided power structure.  

Let grModR  denote the category of graded R -modules. 

 

Remark 3.1.5. We remark that grModR R  . Let ,f g R   and ,F G R  . Actually, the following hold: 

(1) ( ) ( ( )) ( ) ( ) ( )f F G f F G fF fG fF fG f F f G               . 

(2)    ( ) ( ) ( ) ( )f g F f g F fF gF fF gF f F g F                . 

(3)    fg F f g F     holds. Since for  
0

, n 


   and  
0

n


  , we have 

                   
 

 
 

 0 0

0 others0 others

x x
x x x x x x x x

     
        

     


   


              
 

. 

Here we use the fact that 0      implies 0    (         ) to prove the third equality of the above equation. 

For general 
0 0 0

, ,f c x g c x F c x  
  

    

     , using the K -linearity of this product,  

                 
0, 0, 0 0, 0, 0

f g F c c c x x x c c c x x x fg F     
     

          

          . 

(4)  1 F F F   . 

 

The following rules are convenient to calculate contractions by using the pairing , . 

 

Remark 3.1.6. Let , ,f g h R . The following hold: 

(1)       *cont , , ,f gh f gh f gh fg h fg h        . 
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   i)       1 1 1 1

0 0
cont , cont , ,

a a
a i i a a a i i a a a a

i i
h a W a x y x y y x x y x y x y     

 

 
    

 
   

 1 1 1 1

0 0
1, 1, 0

a a
i a i i a i a a a a

i i
x y x y x y x y xy x y       

 

        . 

   ii) Comparing the degrees with respect to the variable y :  1deg 1 dega
y yy a W a a     ,   1cont , 0ay W a  .   

 
The following is a key lemma for our main result. 
 
Lemma 3.3.4. We assume that 2n  . Let   1 a p

p
p

h a r z c z  



  


  with pc R  and 0 1r n   . 

Then  1pc I a   for all 0p  . 

 

Proof.          1 1 1

0 0,

a i a j a i j

i j i j
h a r z h a r i z e j z h a r i e j z      

   

             
  
  

 
 . 

Here we put 1 a i j p     . Then 1 0i a j p      implies 1j p a   . Hence we have  

   
     

         

0

1

1 0

1 0 1 0

1
1 1 1 1

j

p ap
j p a

j p a j

h r p j e j p a

c h r p j e j
h r p j e j h r p j e j p a




  

   

        
      
              





 
  for 0p  , 

since 1 1r p   .  

This implies  1pc I a   for all 0p   since 1 1r p j a      for 0 j p a    if 1 1p a   .   

 

Theorem 3.3.5. Let 2n  . The following hold: 

(1)    ann ( )I a W a   for any integer 1a  . 

(2)           , 1 , , 1 ann ( )I a h a h a h a n W a      , i.e.,     /F R I a W a   the Macaulay dual generator of  /R I a . 

(3)       2/ a nzF G R I a W a z    the Macaulay dual generator of   /zG R I a , where nz x . 

 

Proof. (1) It is enough show that    ann ( )h a r W a   , i.e.,   cont , ( ) 0h a r W a   for all 0r  . 

We prove this by induction on number of variables 2n  . For 2n  , it is already done by Lemma 3.3.3. Let 2n  . 

Using Remark 3.3.2(5), Remark 3.1.6(1), Lemma 3.1.7, Lemma 3.3.4 and the induction hypothesis, we have  

          1 1cont , ( ) , ,a ah a r W a h a r z W a h a r z W a           

       
0

1

0
, cont , 0a p

p
p

h a r z W a c W a z


 




    


 , 

where   1 a p
p

p
h a r z c z  



  


  with pc R . 

(2) By (1),    ann ( )I a W a  . Since  I a  is a m -primary complete intersection ideal by Lemma 2.2.1 (3), we have 

            
1

0

2 3 1
soc-deg / 1 1 deg

2 2

n

i

n a n n n
R I a a i n a W a





  
        . 

Hence    ann ( )I a W a   by Lemma 3.2.2 (2).   

(3) From Theorem 2.2.6. and (2), we have  
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Proof. (1) By the assumption, we have the surjective morphism : / / 0R I R J    (exact). Taking out degree d  part: 

     0 ker / / 0d d dR I R J     (exact). 

Since    dim / dim / 1K Kd dR I R J   ,  ker 0d   . If ker 0   , then  soc / kerR I   , especially 

   0 soc / kerd dR I   . 

Hence ker 0  . This implies I J . 

(2) This follows by (1).   

 

3.3 Macaulay dual generator of  I a  

  Let us begin with recalling and fixing some notations. 
 
Notation 3.3.1. 

(1)    
1

01, , 1

n
i

i
ii n

z x e n i z


 

   


 , where we recall that nz x  and      1 0, , 1ne i e i i n     the singned elementary  

symmetric plynomial of dgree i  in 1n   variables. 

(2)    
1

1

01, , 1
1 '

n
i

i
ii n

x z e i z


 

 

   


 . 

(3)  
0

n i j
n i j

x x R 
  

    ,  1
1 0

n i j
n i j

x x R  
   

      the Vandermonde polynomials. 

(4)       1a
nW a W a e n R   ,       1

1 1 a
nW a W a e n R
       , where   1 ne n x x   and   1 11 ne n x x     . 

 

Remark 3.3.2. Let ,a n  be integers with 1a   and 2n  . 

(1)    . 

(2)      11 11 aa aW a z e n z W a       . 

(3)        1

1, , 1 1, , 1

1 1 1i i
i n i n

e n e n z x x z  

   

        
 

 . 

(4) Taking dual    on the above equation, we have  1e n      since     11 1e n e n     . 

(5)          11 1 11 1 1a aa a aW a z e n e n z e n z W a                      . 

(6)    
0r

J a R h a r R


   ,    
0r

J a R h a r R


    . 

 
We recall the notations in section 2 bellow:  

             1, 1 , , 1 , , 2 , a nI a h a h a h a n h a h a n z R           ,where nz x . 

                  2
1, , 2 , , 3 , a n

nI a h a h a n h a h a n x R 
             . 

 

Lemma 3.3.3. Let 2n   and 1 2[ , ]R x x x y   . Then     annI a W a  . 

 

Proof. Since     1, aI a h a y  , it is enough to show that i)     annh a W a   and ii)   1 annay W a   . 
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   i)       1 1 1 1

0 0
cont , cont , ,

a a
a i i a a a i i a a a a

i i
h a W a x y x y y x x y x y x y     

 

 
    

 
   

 1 1 1 1

0 0
1, 1, 0

a a
i a i i a i a a a a

i i
x y x y x y x y xy x y       

 

        . 

   ii) Comparing the degrees with respect to the variable y :  1deg 1 dega
y yy a W a a     ,   1cont , 0ay W a  .   

 
The following is a key lemma for our main result. 
 
Lemma 3.3.4. We assume that 2n  . Let   1 a p

p
p

h a r z c z  



  


  with pc R  and 0 1r n   . 

Then  1pc I a   for all 0p  . 

 

Proof.          1 1 1

0 0,

a i a j a i j

i j i j
h a r z h a r i z e j z h a r i e j z      

   

             
  
  

 
 . 

Here we put 1 a i j p     . Then 1 0i a j p      implies 1j p a   . Hence we have  

   
     

         

0

1

1 0

1 0 1 0

1
1 1 1 1

j

p ap
j p a

j p a j

h r p j e j p a

c h r p j e j
h r p j e j h r p j e j p a




  

   

        
      
              





 
  for 0p  , 

since 1 1r p   .  

This implies  1pc I a   for all 0p   since 1 1r p j a      for 0 j p a    if 1 1p a   .   

 

Theorem 3.3.5. Let 2n  . The following hold: 

(1)    ann ( )I a W a   for any integer 1a  . 

(2)           , 1 , , 1 ann ( )I a h a h a h a n W a      , i.e.,     /F R I a W a   the Macaulay dual generator of  /R I a . 

(3)       2/ a nzF G R I a W a z    the Macaulay dual generator of   /zG R I a , where nz x . 

 

Proof. (1) It is enough show that    ann ( )h a r W a   , i.e.,   cont , ( ) 0h a r W a   for all 0r  . 

We prove this by induction on number of variables 2n  . For 2n  , it is already done by Lemma 3.3.3. Let 2n  . 

Using Remark 3.3.2(5), Remark 3.1.6(1), Lemma 3.1.7, Lemma 3.3.4 and the induction hypothesis, we have  

          1 1cont , ( ) , ,a ah a r W a h a r z W a h a r z W a           

       
0

1

0
, cont , 0a p

p
p

h a r z W a c W a z


 




    


 , 

where   1 a p
p

p
h a r z c z  



  


  with pc R . 

(2) By (1),    ann ( )I a W a  . Since  I a  is a m -primary complete intersection ideal by Lemma 2.2.1 (3), we have 

            
1

0

2 3 1
soc-deg / 1 1 deg

2 2

n

i

n a n n n
R I a a i n a W a





  
        . 

Hence    ann ( )I a W a   by Lemma 3.2.2 (2).   

(3) From Theorem 2.2.6. and (2), we have  
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Proof. (1) By the assumption, we have the surjective morphism : / / 0R I R J    (exact). Taking out degree d  part: 

     0 ker / / 0d d dR I R J     (exact). 

Since    dim / dim / 1K Kd dR I R J   ,  ker 0d   . If ker 0   , then  soc / kerR I   , especially 

   0 soc / kerd dR I   . 

Hence ker 0  . This implies I J . 

(2) This follows by (1).   

 

3.3 Macaulay dual generator of  I a  

  Let us begin with recalling and fixing some notations. 
 
Notation 3.3.1. 

(1)    
1

01, , 1

n
i

i
ii n

z x e n i z


 

   


 , where we recall that nz x  and      1 0, , 1ne i e i i n     the singned elementary  

symmetric plynomial of dgree i  in 1n   variables. 

(2)    
1

1

01, , 1
1 '

n
i

i
ii n

x z e i z


 

 

   


 . 

(3)  
0

n i j
n i j

x x R 
  

    ,  1
1 0

n i j
n i j

x x R  
   

      the Vandermonde polynomials. 

(4)       1a
nW a W a e n R   ,       1

1 1 a
nW a W a e n R
       , where   1 ne n x x   and   1 11 ne n x x     . 

 

Remark 3.3.2. Let ,a n  be integers with 1a   and 2n  . 

(1)    . 

(2)      11 11 aa aW a z e n z W a       . 

(3)        1

1, , 1 1, , 1

1 1 1i i
i n i n

e n e n z x x z  

   

        
 

 . 

(4) Taking dual    on the above equation, we have  1e n      since     11 1e n e n     . 

(5)          11 1 11 1 1a aa a aW a z e n e n z e n z W a                      . 

(6)    
0r

J a R h a r R


   ,    
0r

J a R h a r R


    . 

 
We recall the notations in section 2 bellow:  

             1, 1 , , 1 , , 2 , a nI a h a h a h a n h a h a n z R           ,where nz x . 

                  2
1, , 2 , , 3 , a n

nI a h a h a n h a h a n x R 
             . 

 

Lemma 3.3.3. Let 2n   and 1 2[ , ]R x x x y   . Then     annI a W a  . 

 

Proof. Since     1, aI a h a y  , it is enough to show that i)     annh a W a   and ii)   1 annay W a   . 
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武田泰淳『司馬遷』の方法 
 

道園 達也 1,* 

 
The Method of Taijun Takeda’s “Shiba Sen” 

Tatsuya Michizono1,* 
 

Taijun Takeda modernizes Shiki in Shiba Sen. The term ‘modern era’ in Shiba Sen includes a dual-layered present: the 
present in Shiki and the wartime present of the Sino-Japanese War and World War Ⅱ. Its historical perspective is based on 
Buddhist concepts of time. This is an allegory that interprets the wartime present and the realities of Japan by reflecting the 
structure of Shiki. The work is a form of bricolage. 

 
キーワード：『史記』の現代化、歴史観，諷喩、ブリコラージュ 

Keywords：Modernizing Shiki, Historical perspective, Allegory, Bricolage 

 

１．『史記』の現代化 

武田泰淳『司馬遷』[1943]は『史記』を現代化する。 

武田泰淳(1912－1976)は仏教学者の家に生まれた。伯父
渡辺海旭、父大島泰信はいずれも仏教学者である。武田
という姓は父の師僧である武田芳淳の姓を継いだもので
ある。長じて竹内好や岡崎俊夫らとともに中国文学研究
会を創設した。戦後文学者として多様な作品を発表した
武田泰淳の知の基盤は仏教と中国文学であった。 

『司馬遷』は戦時下の昭和 18(1943)年 4 月、東洋思想
叢書の一冊として日本評論社から刊行された。戦後は昭
和 23(1948)年 11 月、『史記の世界』と改題、改稿され菁
柿堂から刊行された。以後、現時点で最新の令和 4(2022)

年 9 月刊行の中公文庫版『司馬遷』に至るまで、抄録を
含めて出版されたもの 20 種以上に及ぶ。『司馬遷』は武
田泰淳の代表作として定評がある。 

『史記』は『国訳漢文大成史記一』[1922]所収の公田連
太郎「史記解題」によれば次のような書物である。 

史記は、上は黄帝より下は漢の武帝に至るまでの歴
史である。凡そ二千五百余年の事蹟を包括し、本紀
十二篇、表十篇、書八篇、世家三十篇、列伝七十篇、

凡て百三十篇より成る。本紀は帝王の事績を述べ、
表は世系年歳を詳かにし、書は礼楽制度天文経済等
の沿革を明かにし、世家は諸侯の興亡を敍し、列伝
は著名なる個人の性行を記す。(1) 

『史記』の書法は紀伝体である。「紀伝体とは、本紀列
伝表書志等の名目を立てて事蹟を敍述する書法にして、
史記は実に嚆矢なり」という。(2) 『史記』の成立年は『司
馬遷』において参照されている山下虎次『史記編述年代
考』[1938]によれば「始元三年」、紀元前 84 年である。(3) 

武田泰淳は『司馬遷』の「自序」において次のように述
べている。 

私が「史記」について考え始めたのは、昭和十二年、
出征してからである。はげしい戦地生活を送るうち、
漢代歴史の世界が、現代のことのように感じられた。
歴史のきびしさ、世界のきびしさ、つまり現実のき
びしさを考える場合に、何かよりどころとなり得る
ものが、「史記」にはあると思われた。(4) 

川西政明「武田泰淳年譜」[2005](5)によれば、武田泰淳
が召集令状を受け、入隊したのは昭和 12(1937)年 10 月 16

日であった。同年 7 月 7 日の盧溝橋事件以降、日本が中
国大陸の戦線を拡大していた時期である。 

中国文学研究会は「中国文学の研究と日支両国文化の
交驩を目的とする研究団体」であった。(6) その一員とし
て活動していた武田泰淳にとって、兵士として中国各地
を転戦することは、どうしようもなく困難な状況を生き
ることであったろう。竹内好が『司馬遷』について「「私
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3.4 Example 
We compute some examples in 3 variables case using the Web Interface for Macaulay2  
(available at https://www.unimelb-macaulay2.cloud.edu.au/#home). Below, we show the input script for the computation: 
 

L1 R=QQ[x,y,z]; 
L2 b = n-> binomial(n+2,2)-1;h = (n,m) -> sum for i from 0 to m list (monomials(x+y+z)^n)_(0,i); 

h1 = h(1,b(1));h2 = h(2,b(2));h3 = h(3,b(3));h4 = h(4,b(4));h5 = h(5,b(5));h6 = h(6,b(6));h7 = h(7,b(7));h8= h(8,b(8)); 
L3 f = (z-y)*(z-x);D= f*(y-x);e=x*y*z;g=y-x;W1 = D; W2= D*e; W3= D*e^2; W4= D*e^3; W5= D*e^4; W6= D*e^5; 
L4 I1 = ideal(h1,h2,h3); I2 = ideal(h2,h3,h4); I3 = ideal(h3,h4,h5);I4 = ideal(h4,h5,h6); I5 = ideal(h5,h6,h7); I6 = ideal(h6,h7,h8); 
 
Explanation: 
L1: Declares a polynomial ring in 3 variables. 
L2: Generates complete homogeneous symmetric polynomials of degree 1 to 8. 
L3: Defines Macaulay dual generators of degree 1 to 6. 

L4: Creates ideals         , 1 , , 1I a h a h a h a n     with 1 6a  . 

 
After inputting the above script, for example: 
(1) Input: contract(h3, W3), contract(h4, W3), contract(h5, W3) 

Output: (0, 0, 0) 

This shows that               cont 3 , 3 cont 4 , 3 cont 5 , 3 0h W h W h W   . 

However, we remark that    cont , contract ,f g f g  . 

(2) Input: ideal(fromDual(W5)) == I5 
Output: true 

This confirms that    ann (5) 5W I  . 
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