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Almost regular sequences on graded modules

associated with a subfunctor of the 0-th local cohomology functor II

Satoru Isogawa'”

This is the last part of this two-part series of papers, here, we introduce the - regular sequence in the category of finitely
generated graded modules over a polynomial ring whose coefficient field is an infinite field. For a nonzero principal graded
module, its first syzygy ideal being a completely m- full, is equivalent to that the principal module has a y- regular
sequence whose length is equal to the Kull dimension of the base polynomial ring. This is the result of Watanabe and Harima,
see Ref(1). We extend the result as follows. For graded modules whose first syzygies are generated by elements of the same
degree, to have a component-wise linear syzygy so actually to have linear syzygy is equivalent to that there exists a y-

regular sequence whose length is equal to the Kull dimension of the base ring.
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1. Introduction

This is the last part of this two-part series of papers. Here, we introduce ‘ y -regular elements, y - regular sequences and y -
depth’s’ on graded modules given by strengthening the notion weak y -regular, which we studied in the first part of this series of
papers, to y -regular.

For a nonzero principal graded module, its first syzygy ideal being a m -full ideal, see Ref.(1), is equivalent to that the principal
module has a y -regular element in our terminology. In Ref.(2), they proved surprising result that completely m -full ideals are just
the ideals having component-wise linear resolutions, also see Ref.(3) or Ref.(4). The first syzygy ideal of a nonzero principal graded
module is a completely m -full ideal if and only if the y -depth of the principal graded module is equal to the Kull dimension of base
polynomial ring.

To extend this result to arbitrary modules is our main motivation through this series of papers. Toward solving this problem, first,
we give several fundamental results on y -regular elements, y -sequences and y -depth base on the study of weak y -regular
elements, weak y - regular sequences and weak y - depth’s on graded modules in the first part of this series of papers. As a
consequence, we give a partial answer to the problem only in the case of modules whose first syzygies are generated by elements of
the same degree (see Theorem 6.4).

In this paper, we follow the notations and definitions sated in the first part of this series of papers, see Ref(5).
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2. Preliminary

In this section, we add more notations and definitions needed later.

Notation 2.1. Let M=@;Mi€./4 and 0#zeR,.

(1) M,,=®M,cM the graded submodule of M consisting of components of degrees being greater than or equal to ;.
ij

2 M 0= RM .= M the graded submodule of M generated by the degree i component M, .

(3) deg&:=i thedegree of & foranonzero homogeneous element 0+ ¢&eM, (i S Z) if it exists.
(4) deg-SuppM = {i S Z‘M[ # 0} .

(5) supM = max{i eZ‘M,. #* 0} if M #0, otherwise, sup0:=—oo.

(6) inf M :=inf{ieZ|M, =0}, if M =0,otherwise, inf0:=co.

(2)

7) R=R" = R/zR and M=M= E(:)M , unless otherwise mentioned.

(8) lengthM denote the length of M , in our setting, lengthM =dim, M the dimension of £ -vector space of M through the

natural inclusion of algebras: & —R.

(9) Let NcM be a graded submodule. SatMN:={§ eM‘ m'é < N for some i > O} , which is called the saturation of N in
M . By the definition, we remark that Sat,, N =Sat, m'N for any integer i>0, where m’:=R.

(10) 7, =ny :F,, =F, - M denote a minimal graded free cover of M over R.

Of course, there are many choices of a minimal graded free cover of M ,but 7 is determined unique up to isomorphism as

explained bellow.

Let 7, :F, —M beaminimal grade free cover of M €4, then we have the following exact sequence:

0>Q\M —>F,, >M —0 (exact),

s

where QM denote the first syzygy module of M over R . We remark that the above short exact sequence is unique up to
isomorphism in the following sense, especially QM is unique up to isomorphism. In fact, if 7': F'—>M another minimal grade
free cover of M, then using the grade Nakayama’s Lemma, we have the following commutative diagram with exact rows and all
vertical morphisms being isomorphisms:
0 > QWM —> F, > M —> 0
\: { I

0 - Ker#’ » F' - M — 0
So, the following notations make sense.

Notation 2.2. Let 0—>Q}M — F,,—>M —0 be an exact sequence with 7,,:F,, —M aminimal grade free cover of M e A.

%

() M*'=Mp=F,/mQM and M"™ =M} =F, /m'Q}M forintegers i>0, where we assume that m°:=R.

@) M“]=ML"]:=1““M/(Q‘RM)<j> and MBI =MEV=F, [(QM)  for jez.

&)
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These notations depend on a choice of minimal grade free cover, but they are unique up to isomorphism.

3. y-regular elements and sequences

Firstlet 0—Q'M — F,,—M —0 be an exact sequence with 75 =7, :F,, =M aminimal grade free cover over R and let

R:= R/zR with 0#zeR,. Then we have an exact sequence E(:)Q;M %EE; M — 0. Since E::E(:)ﬁ,ﬁ is a minimal

graded free cover of M over R ,we can see that 7[% = E . Moreover, the first syzygy module of M over R has the following
form: Q%M=ker(R(;§7rM):(QIRM+zEM)/zEM .

So, we have Q;%Q;M:(Q]RM+ZFM )/2Fy [(mQM + 2F,, ) [2F,, =(QM +2F,, ) /(mQ}M + 2F,, ).

Secondly, there is a natural short exact sequence 0 —mQ\M —F,, > M} —0, 7, Fy—>M »—0 being a graded minimal
T ou MR

free cover of M over R .We get the exact sequence ﬁ@(mQ;M ) —)Ef — Miﬁ — 0, by applying 5%7 to the above short
R R®m

#
R Mp

— ——— # —

. . I # 1

exact sequence. Since 7, :=R®x , is a minimal graded free cover of M} = FM/(mQ M +ZFM)= M over R, we can see
R R MR

— R —_—
that Ty =Ty =7

Niksd
a s
Il
N
|

Finally, there is a natural short exact sequence 0— QM / mQ\M > M’ ,j M — 0. Applying E%L , we have the following

. Y 1 1 st i
exact sequence: R(?(QRM/mQ RM) ->M E®7’w M —0.
- — — (M +zF,) QLM o a —
Moreover, we can see that Ker(R@p Mo =M —>M): | = , — = Tor, (k, M) .
m (mQM +zF,,) ‘M

Remark 3.1. From the above observation, we have the following short exact sequence:
0— *Torf(k, M) - Mifj,—> M —0 (exact).

R%p.w‘

Definition 3.2. Let 0#zeR,M e A . Wecallthat z isa y-regular elementon M ,a M -y-regular element

ora y-’non zero-divisor’on M if the following condition holds:

0— *Torf(%R, M) o ey “Tor | (k, M) (exact),
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where Py :% g~k is anatural projection and two functors “Tor(R/zR,_), "Tor[(k,_) are graded torsion functors.

From the definition of y -regular element, we have the following lemma.

Lemma3.3.Let M eA and 0#zeR, isa y-regular elementon M . Then the following holds:

deg-Supp(y(M)(fl)) c deg-Supp(k(?QIRM) .

Proof. By the assumption we have 0— *TorlR(%R, M) — "Tor{(k, M) (exact) where “Tor{(k, M)= k(?QkM and

"Torf (%R’ M) =y (M)(-1)=y(M)(-1) since m Tor/ (%R’ M) =0 . Hence the assertion follows. O

Definition 3.4. Let M e.A. We define y-nzd(M) the y -‘non zero-divisor’locus of M in PR, as follows:

y-nzd(M):= {[z] € IPRI‘Z is a y-regular element on M} .

Definition 3.5. A sequence z=z,--,z, of elements in R, is called a y -regular sequence on M , M-y-regular sequence or,
more simply, M-y -sequence of length 7 if the following conditions are satisfied:
(1) The set {zl,-n,z,_} is linearly independent over the field & .

2) First, z, isa y -regular elementson M andif r>2,
1 y -Ieg

i M =2 ...
then z, isa p -regular elements on %217”'921'—1)M for i=2,---,r.

Remark 3.6. Two conditions (1) and (2) in the above definition are equivalent to the following condition (3):

3) zi,.(H) € (E(H)) isa y -regular elements on M(H) for i=1,---,r,
1

(0

20, >0 _R —) =) —(i-1) . ) =) )
where R =R, R = %z 2R M= M@}?R and z; denoting the image of z, in R for i=1---,r.
e,

4. Properties of y -regular elements

For M e A, we have the following commutative diagrams with exact rows and all vertical morphisms being isomorphisms:

0 — ‘Tor/(k,M) — M’ - M - 0

Py

+ [ [ ,
0 > QM/mQM — F,/mQiM — F,/QM - 0
P

where p is the natural projection. Applying two functors kC;fL and E(?— where R:= R/zR with 0#zeR, to the top row of
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the above commutative diagram, we have the following commutative diagrams with exact rows:

0— "Tor/ (E, Tor | (k, M)) — "Tor/ (E, M#) —  "Torf (E, M) > “Tor (k, M) — M — M - 0
{

E®pw"
Iz I \) ,
“Tor/'(k, M) — “Tor/(k,M) — k®M" — k®M — 0
5 R k@p, 4 R

where 7:="Tor[ (go,y M ) . We can see that k® p, . is an isomorphism, so ¢" is an epimorphism, especially an isomorphism
zZR
since &' is an endomorphism of the finite dimensional vector space “Tor,® (k,M).Since §=¢"or,where §' isan isomorphism,

we have Cokerz = Cokerd . On the other hand, by Remark 6.3, Cokerd = Ker(ﬁ ®p,,. ) = Tor? (k, M) we have the following exact

sequence:

0 — “Torf(R,Torf (k,M)) — ‘Tor/(R,M") — Tor/(R,M) —'Tor/(k, M)—>Cokerr="Tor/(k, M)-0
[ I [
“Tor/ (k, M)(-1) 7.(M")(-1) r.(M)(-1)

For M e A, letdenote (M ):=dim, “Tor/(k, M) the i-thtotal Bettinumberof M over R .Asanimmediate consequence

of the above exact sequence, we have the following proportion:

Proposition 4.1. Let 0=zeR, M € A . The following conditions are equivalent:

(1) z isa M -y-regular element;

@) B (M)=lengthy.(M"),
(3) z isaweak M*-y- regular clementand Py (M)=lengthy(M");
4 Br(M)-pF (M) =lengthy, (M).
Proof. The equivalences (1) <> (2) <> (4) are clear by the exact sequence stated above. We only prove (2) <> (3).
@ =@ : B (M)=lengthy, (M#) implies 7, (M#)(—l) ="Tor(k, M)(-1) so 7. (M#) =y(M #) since my, (M#) =0 .
Therefore, z isaweak M’-y- regular elementand /(M )=lengthy,(M")=lengthy(M").
(3)=(2): Since z isaweak M"-y- regular element, we have y.(M")=y(M").

Hence, B (M) = length;/(M#) =lengthy, (M#) .0

Corollary 4.2. Let M € A . The following holds:
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wepenad(M*) (if 1 (31) =tength (1°))

7—nzd(M ) =
%) (otherwise)

Especially y-nzd(M) is a Zariski open set in PR, .
Proposition 4.3. Let M e A.If 0#zeR, isa y-regular elementon M, then the following hold:
ROQM =y (M)(-1)@QL (M),
where R:= %R and M = MAM ,especially, deg-Supp(k(:)QIRM) = deg—Supp( 7(M)(71)) udeg—Supp( k(?Q%A?) .

Proof. Let r,, :F,, > M be a graded minimal free cover, then we have the following exact sequence:

0>QM —>F,, —>M —0 (exact).

Taking tensor functorﬁ(?i on the above exact sequence yields the following exact sequence:

Oa*Torf(ﬁ,M)?E(?Q;M—)EC?FM — R®OM —0 (exact).

R®my, R
R

Since Ker(ﬁ(i:)ﬂM ) = QLR M |, from the above exact sequence, we get the following commutative diagram with exact rows:

0 - *Torf(E,M) N R®Q\M > QLM - 0
S R
[ \% ,
0 —> ‘Torf(RM) >  "Torf(k,M)=k®QM
“Tor{ (zz.M ) R

where the right vertical morphism p is a natural projection. The morphism & is split since “Tor (ﬂ' 5/ M ) is a split injective
zZR

morphism between finite dimensional vector spaces.

Hence we have

R®QM = "Tor( (R, M)®QLM =y (M)(-1)®QLM = y(M)(-)®QLM . D

5. Regularity and y -regular sequence

First, we recall the definition of the Castelnuovo-Mumford regularity.

Definition 5.1. (See Ref.(4)) Let M €A . The Castelnuovo-Mumford regularity or simply regularity reg, M is define as follows:

reg, M = sup{jeZ‘*Tor[R (k, M) /_:tO} .

i+

Especially, reg,0:=-—co.
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Proposition 5.2. Let M e A.If 0#z=z, -,z €R, (r > 1) isa M-y-sequence, then the following hold:

reg, QM = max{sup(k (:)Q;M), regEQ%(M)} ,

where R:= %Z”.__’Zr)R and M = R(?M , especially the inequality reg, QO (M) <reg, QM holds.

Proof. We prove this induction on 7 the length of A7-y- sequence.

If r=1, then we remark that the following hold:

reg, QWM = reg- (E%QIRM) .
Since z, is Q)M -regular element, so S ( Qim ) = ﬂf ( E(?QIRM ) for any nonnegative integer ; and any integer j , where
ﬂljR( Q.M ) and ﬂf ( E(:)QIRM ) denote the graded Betti numbers of Q' M over R and EQRBQ WM over R respectively.
By Proposition 6.11, reg, QM =reg, (E(?QIRM) =reg, (y(M)(fl) el (ﬁ)) = max{regﬁy(M)(fl), reg. Q%(ﬁ)} , and

regyy (M)(~1) =supy (M)(~1) =supy (M) +1 < sup (k@Q}M )

since y (M )(—1) is a direct sum of copies of residue field & with reg, k=0 up to grading.

As a consequence, we have the following inequality:
sup(k (:)Q;M) <reg,Q,M = max{supy(M) +1, reg; QL (M)} < max{sup(k (?Q;M), reg; QL (A_d)} .
This is equivalently to say that
reg, QM = rnax{sup(k (:)Q;M), reg; QL (1\7) } )
If »>2, then from the above argument, we can see that

reg, QM :max{sup(k(?Q;M), reg, Q. (M) }

"_R _M
where R'= 2R M'= AIM.

On the other hand, let ;2,...75 €R, beimagesof z,,--,z, €R,.Then ;2,'~',Z €R] isa M’-y-sequence.

So, by the induction hypothesis, we have

reg, Qp (M')= max{sup(k S?Q}" (M’)),regﬁ Qb (A?)} = max{sup(k(?Q}e, (M')),regﬁ Qb (]\_4)} ,

where R':= %;27 . ',;,)R'

i
w
o
I
=

I

?U‘
<

Il

|

=®
<

i

N
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Using sup(k(?Q‘RM) > sup(kC:)Q,‘e, (M')) by Proposition 4.3, we conclude that
1 1 1 ' 1 (s 1 INEY:
reg, QM = max{sup(k (?QRM), sup(k (:)QR, (M )), reg, Q% (M) } =max {sup(k (?QRM), regEQE(M) } O

6. 1In the case of modules whose first syzygies are generated by the elements of the same degree

In this section, we will arrive at our main goal that is Theorem 6.4.

Lemma 6.1. Assume that M € A with deg-Supp(kQRDQIRM) = {d} for some delZ.

If z=z,+,z €R, (r > 1) isa M-y-sequence, then the following are equivalent:

(1) reg,Q\M=d ;

2) regEQ%(M):d or Q%(]T/[):O,where E::%zl,m,zr)R and M =M

Proof. (1)=(2) : By Proposition 4.3, deg-Supp(k(:)Q%M)gdeg-Supp(k(?QlRM)z{d} If QL(M)%0 . then
@ideg-Supp(kQ;)Q%M):{d} . Using Proposition 5.2, we have d<reg;Q%(M)<reg,Q,M=d . This implies
reg, QL (M)=d .

(2)=(1): Using Proposition 5.2, if Q% (M)=0, then reg, QM =max{sup(k<:)Q;M):d, regEQLR(A_/I):—oo} =d .

Similarly, if reg, Q% (M)=d , then regRQ;M=max{sup(k<§Q;M)=d, regEQ%(ﬂ):d}:d. O

Lemma 6.2. Let M e A with deg —Supp(k (:)Q;M) = {d} for some d eZ . Then the following hold:

If reg, QyM =d , then deg-Suppy(M)={d -1} or y(M)=0.

Proof. We recall that R=4k[x,,---,x,] is a polynomial ring. The following hold:
y(M)(—v)=H, (x, -, x,;M)="Tor (k, M)="Tor[ (k, Q;M) ,

where H, (xl,~ . ~,x‘,;M) denote the Koszul homology of M with respectto x,---,x, €R.

v
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So, if y(M)#0, then we have {V—1+d}:deg-Supp(*Torff1 (k, Q;M)) = deg-Supp(}/(M)(—v)) since Q)M has d -linear

resolution. This implies deg-Suppy(M)={d-1}. O

Proposition 6.3. Let M e A with deg—Supp(k(?Q;M)z{d} for some deZ or Q}?MZO.

Then the following are equivalent:
(1) deg-Suppy(M)={d—1} or y(M)=0;
2) supy(M)=d—-1 or y(M)=0;

(3) miQ;M = (SatFMQ;ML” for any nonnegative integer >0, where we assume that m®:=R;

(4) Any zeR, with [z] € nzd(M/Fm (M)) isa M" -y-regular element, especially, 7-nzd(M#*i) = nzd(M/l"m (M))

for any nonnegative integer >0,
(5) y-depthM™ >1 for any nonnegative integer i>0;
(6) y-depthM >1.

Proof. (1)=(2), (5)=(6) these implications are trivial. (4)=>(5) holds since nzd(M/Fm (M)) = by Ref(5).Remark 4.9.
(6)=(1) follows from Lemma 3.3, that is; deg-Supp(y (M )(-1))< deg—Supp(k(?QIRM) ={d}.
We only prove (2)=(3),(3)=(4) .

Let 0>Q\M —F,,—M —>0 be a short exact sequence with 7, :F,, —>M a minimal grade free cover of M and let

v

L:=Sat, Q.M CF, the saturation module of Q}M in F, .Then L=Sat, m'Q,M cF, forany integer i>0, we have the
following short exact sequence: A) 0>m'QM—>L—>T (M#*i) —0.

Especially, we have (B) 05>QM —>L—>T (M)—0.

(2)=>(3) : First, we prove that QM =L_,.
If y(M)=0,then I' (M )=0,from the short exact sequence (B), Q)M =L=L_, since deg—Supp(k (?Q‘RM) ={d}.

If y(M)=0,then supy(M)=d—l=supl', (M),so, T (M)  =0,wehave Q.M =Q\M =L, .

We remark that QM = QM=L,, = L, this implies m'QIM = m[L< o) =Ly, for any nonnegative integer i>0.

(3)=(4) : Using our assumption, L_,, /L., ., =m'QM/m™Q,M for i>0.

Moreover, from the short exact sequence (A), we have the following short exact sequence:

0—>L

2d+i

—>L—>rm(M#*")—>0.

We remark that PR, =nzd(L)since L F,,.Let zeR, with [z]enzd(M/T, (M))<PR, =nzd(L). Then we have
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vz (rm (MM)) = {§ € L‘Zég € L2d+f}/l‘2d+i = L2d+ifl/l‘2d+[ =Ly, = miilQ;M/miQ;eM for i=1.
From the above isomorphism, we have AF (M#*(H)) =lengthm"'Q IRM/m’Q WM = length}/(l"m (M#*i)). Using Proposition 4.1, we

have [z]e w—y-nzd(Fm (M#*i)) . Hence we have [z]e w—;/-nzd(l"m (MM )) mnzd(M/l"m (M’“')) = w—y-nzd(M”*‘) for i>1.0

Theorem 6.4. Let M e A with deg-Supp(k(;?QlRM)z{01}> Jor some deZ or Q.M =0.

Then the following are equivalent:
(1) y-depth M >Kull-dimR ;
(2) M =0 orthereexists z=2z,+,z, €R, (r > 1) a M-y-sequence with v=Kull-dimR, especially where M #0.
(3) QM =0 or reg,Q\M=d, especially where QM #0.

Proof. (1) = (2): This is clear by the definition of y-depth .
2)= Q3):If QM =0, thenespecially M #0. So, by the assumption, there exists z=z,--,z, €R, (r > 1) a M-y-sequence with

v=Kull-dimR . Let R:= R/(z,,+,z,)R=k and M= ﬁ(:)M a finite dimensional k -vector space with Q%M = QLM =0.

Using Proposition 5.2, teg, QM = max{sup(k(;f)QLM), regEQl—R (M)} = max{sup(k (;)QIRM) =d,reg, 0= —oo} =d .

B3)=>(1): If QM =0 then M is zero or a graded free module over R . So, we have y-depth M > Kull-dimR.

Let rteg, Q)M =d . We prove this induction on Kull-dimR=v . If v=1, automatically y-depthM =1.
Let v>1.Since reg, QM =d , especially Q}M =0, we have deg-Suppy(M)={d -1} by Lemma 6.2. Hence y-depthM >1
by Proposition 6.3. So, we can take a A -y-regular element 0z e R, and let R= R/zZR, M= M/zM .

It is enough to show that y-depth M = Kull-dimR , since this is equivalent to y-depth M =Kull-dimR .

If Q‘E (M) =0,then M is a graded free module over R, so we have 7—depthﬂ =Kull-dimR .

If QIE (M) #0, then by Lemma 6.1, we have reg QIE (M) =d and Kull-dimR=v-1<v.So applying the induction hypothesis,

we have y-depth M = Kull-dimR .[J
7. Application to computing Poincare series of graded modules

As an application, we give explicit form of Poincare series of graded modules sated in Ref.(5) Lemma 6.1.

Notation 7.1. Let M e A. P, =P the graded Poincare series and H,, the Hilbert series of M are defined as follows:

(1) P, (tu)=Pf(tu)=" > BI(M)iu eZt,u] u ,

i€Zsy, jel
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where we denote (M ):=dim, “Tor(k, M) the graded Betti number of M .

J

() Hy(u)=Y dim M, eZu"'] u .

=

Lemma 7.2. Assume that M € A and 0#zeR, with [z]eynzd(M). Let denote R:=R/zR and M :=M/zM .

Then the following equation holds:

Py(tu)=H g, (u)+P§W (t,u)t +Pf(M) (t,u)tu .

Proof. Let denote Q)M :=Q} M /zQ}M . We remark that z is a regular element on Q}M . By Proposition 4.3, we have

Pl (t,u)zP;RW (tu)=PF tu)+ P, (tu)u.

QxM (
On the other hand, the following is always holds:
PE (1) = Hyoy () + PS (tu)t.

Hence the assertion follows. [
Using the same notations in Ref.(5) Lemma 6.1, we have the following Proposition:

Proposition 7.3.
(1) Let M=R,(e) (A€k,ex1) orR_(e). Then we have P, (t,u) :e(1+u(1+u)t+u3tz) .
(2) Let M :=(d) (d=0). Then we have P, (t,u) =d+((d—1)+(d+2)u)ut+(d+l)u3t2.

Proof. Applying Lemma 7.2, we have the following:
(1 Pk (t,u) =e+eut+eu(1+tu)tu =e(1+u(l+u)t+u3t2) .

Since, using Ref(5). Proposition 6.2, we can easily see that the following hold:

Hyo (u)=H_(u)=e, Pl _(tu) :FZ

x| =l

(71))<,(t,u):eu and PZEM)(t,u)zPE,(il)(t,u):eu(l-Hu).

@) Py(tu)=d+((d=1)u+u’)t+(d +1)u(l+t)u=d+((d—1)+(d +2)u)ut +(d +1)u’t’ .
Similarly, since we have the following:

Haed W)=, ()=, Py 0)=7

k

x| =l

(70)47.@}(72)(@»:):(d—l)u+u2 and Pf(M)(t,u)=Pfﬂ,(71)(t,u)=(d+1)u(1+tu)

by Ref(5). Proposition 6.2. [

i
(1u)

With the same notations as Proposition 7.3 (1) and (2) respectively, in fact, we can confirm the following equations:

Remark 7.4. We remark that H,, (u)= Py (—Lu)H,(u) holds in general. If R=4k[x,y], then H,(u)=
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() H,(u)=

d
@) H,(u)=

e(l—u(1+u)+u3)
(1-uy

_((d—1)+(d+2);4)u+(d+1)u3 _d+(d+1)u.
(1-u)

=e(1+u) .
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