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Then, Bennett(3) give the following list of solutions on (1.1): 

(1.2)  2 1 3 13 3 2 2− = − , 

(1.3)  3 1 5 33 3 2 2− = − , 

(1.4)  5 1 8 43 3 2 2− = − , 

(1.5)  3 1 7 35 5 2 2− = − , 

(1.6)  3 1 7 113 13 3 3− = − , 

(1.7)  2 1 13 191 91 2 2− = − , 

(1.8)  2 1 5 16 6 2 2− = − , 

(1.9)  2 1 3 115 15 6 6− = − , 

(1.10)  2 1 7 1280 280 5 5− = − , 

(1.11)  2 1 5 14930 4930 30 30− = − , 

(1.12)  5 4 8 46 6 3 3− = −  

Let 12 2 1x x x= − , 12 2 1y y y= − . 

When gcd( , ) 1a b = , (1.1) leads the diophantine equation 

(1.13)  
12 12

1 1

1 1 :
x y

y x

a b k
b a
− −

= = . 

When gcd( , ) ( 1)sa b d=   , where d  is not power, (1.1) leads the diophantine equation 

(1.14)  
12 12

1 1

1 1 :
x y

y x

a b k
B A
− −

= = , 

where , , min{ , }u va d A b d B u v s= = =  and 1 1ux vy= . Furthermore ,A B  do not include any prime factors of d . And, if b  

is a prime number, (1.14) leads 

(1.15)  
12

12

1

11 :
y

x
x

ba k
A
−

− = = , 

where ua b A= . 

Let 1 2 3 4, , ,l l l l  be different prime numbers. Then we show the following theorems: 

Theorem 1.3    Let 12 1
11y sb l− = . When 12 2y m= , (1.1) has two solutions (1.2), (1.3). 

Theorem 1.4    Let 12 1 2
1 21y s sb l l− = . When 12 2y m= ( 1m  ),  (1.1) has four solutions (1.4), (1.5), (1.8), (1.12). 

Theorem 1.5    Let 312 1 2
1 2 31 sy s sb l l l− = . When 12 4y m= ( 1m  ) , (1.1) has no solutions. 

Theorem 1.6    Let 312 1 2
1 2 31 sy s sb l l l− = . When 12 4 2y m= + , if a  is a prime number and 12x  is even then (1.1) has a unique 

solution (1.6). 

Theorem 1.7    Let 312 1 2 4
1 2 3 41 sy s s sb l l l l− = . When 12 4y m= ( 1m  ), (1.1) has a unique solution (1.7). 
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1. Intoroduction 

In this paper, we treat the diophantine equation 

(1.1)  2 1 2 1x x y ya a b b− = − . 

In the case of 2 2x =  and 1 1 1x y= = , Mordell(1) proved theorem 1.1. 

Theorem 1.1    Let ,a b  be integers.  

The elliptic diophantine equation 2 1 3 1a a b b− = −  has ten solutions 

 ( , ) (0, 0), (0, 1), (1, 0), (1, 1), (3, 2), ( 2, 2), (15, 6), ( 14, 6)a b =   − − . 

Furthermore, Mignotte and Pethӧ(2) proved theorem 1.2. 

Theorem 1.2    Let 2, ,a b y  be positive integers.  

When b  is a prime power, the diophantine equation 

22 1 1ya a b b− = −  ( 2 2y  ) 

has five solutions 2( , , ) (3, 2, 3), (6, 2, 5), (91, 2, 13), (16, 3, 5), (280, 5, 7)a b y = . 

We suppose the following conditions: 
1) All variables in this paper are positive integers, 

2) Integers ,a b  are not powers, and let 2a b  , 

3) Let 2 1x x  and 2 1y y . 
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When gcd( , ) ( 1)sa b d=   , where d  is not power, (1.1) leads the diophantine equation 
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where , , min{ , }u va d A b d B u v s= = =  and 1 1ux vy= . Furthermore ,A B  do not include any prime factors of d . And, if b  

is a prime number, (1.14) leads 
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where ua b A= . 

Let 1 2 3 4, , ,l l l l  be different prime numbers. Then we show the following theorems: 

Theorem 1.3    Let 12 1
11y sb l− = . When 12 2y m= , (1.1) has two solutions (1.2), (1.3). 

Theorem 1.4    Let 12 1 2
1 21y s sb l l− = . When 12 2y m= ( 1m  ),  (1.1) has four solutions (1.4), (1.5), (1.8), (1.12). 

Theorem 1.5    Let 312 1 2
1 2 31 sy s sb l l l− = . When 12 4y m= ( 1m  ) , (1.1) has no solutions. 

Theorem 1.6    Let 312 1 2
1 2 31 sy s sb l l l− = . When 12 4 2y m= + , if a  is a prime number and 12x  is even then (1.1) has a unique 

solution (1.6). 

Theorem 1.7    Let 312 1 2 4
1 2 3 41 sy s s sb l l l l− = . When 12 4y m= ( 1m  ), (1.1) has a unique solution (1.7). 
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Proposition 3.4    The equation 1 22
1 21 s smb l l− = ( 1m  ) has three solutions 4 1 12 1 3 5− =  , 6 1 22 1 7 3− =  , 4 1 43 1 5 2− =  . 

Proof    In the case of 0 (mod 2)b  , we may assume 1 2
1 2
s sl l . And gcd( 1, 1) 1m mb b− + =  is satisfied. Then, from lemma 

3.1, the equation 1 22
1 21 s smb l l− =  ( 1m  ) leads the system of equations 

1

2

1

2

1
1

sm

sm

b l
b l

 − =


+ =
( 1m  ). From proposition 2.1, the 

equation 1
11 smb l− =  has solutions 12 1p

pM− = ( 2, 3, 5, 7, 13,p = ). If 3p   is satisfied then (2 1) / 3p +  includes at 

least one odd prime number except 3 . Thus 2
22 1 sp l+ =  has no solutions. Therefor 1 22

1 21 s smb l l− = has two solutions 

4 1 12 1 3 5− =  , 6 1 22 1 7 3− =  . 

In the case of 1 (mod 2)b  , we may assume 2 2
2 2s rl += . And gcd( 1, 1) 2m mb b− + =  is satisfied. Then, from lemma 3.2 and 

lemma 3.3, the equation 1 22
1 21 s smb l l− =  ( 1m  ) leads the system of equations 

1

1

1

1 2
1 2

m r

sm

b
b l

+ − =


+ =
( 1m  ). From proposition 2.1, the 

equation 11 2m rb −− =  has a unique solution 2 33 1 2− = . Thus 1 22
1 21 s smb l l− = has a unique solution 6 1 43 1 5 2− =  .        

 

We remark 2a b  . 

In the case of gcd( , ) 1a b = , from proposition 3.4 and (1.13), we have the following equations: 

(3.1)  
12

1

4

1

3 1 2 1 5
2 3

x

y

− −
= = , 

(3.2)  
12

1

4

1

5 1 2 1 3
2 5

x

y

− −
= = , 

(3.3)  
12

1

6

1

7 1 2 1 9
2 7

x

y

− −
= = , 

  
12

1

6

2

3 1 2 1 7
2 3

x

y

− −
= = ,   

12

1

4

1

5 1 3 1 16
3 5

x

y

− −
= = . 

If (3.1) is satisfied then 12 5(3) 4x O= = , where notation ( )qO z  is multiplicative order of z  module q . Thus 4 4 13 1 2 5− =   

follows. Therefor (3.1) has a unique solution 12 1( , ) (4, 4)x y = . 

If (3.3) is satisfied then 12 9(3) 7x O= = . Thus 3 1 2 17 1 2 3 19− =    follows. There (3.3) has no solutions. 

In the same way, we confirm that (3.1) and (3.2) each have a unique solution. Therefor (1.1) has two solutions (1.4), (1.5). 

In the case of gcd( , ) 1a b  , from proposition 3.4 and (1.15), we have the following equations: 

(3.4)  1

4

1

2 1(2 3) 1 5
3

xu −
 − = = , 

(3.5)  1

4

1

2 1(2 5) 1 3
5

xu −
 − = = , 

  1

6

1

2 1(2 7) 1 9
7

xu −
 − = = ,  1

6

2

2 1(2 3) 1 7
3

xu −
 − = = , 

  1

62 1(2 9) 1 7
9

xu −
 − = = ,  1

4

1

3 1(3 5) 1 16
5

xu −
 − = = , 
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2. The proof of Theorem 1.3 

We prove theorem 1.3 by using the following Catalan’s theorem: 

Catalan’s theorem   Let , , ,x y   be positive integers. 

Then the equation 1x y − =  has a unique solution ( , , , ) (3, 2, 2, 3)x y  = . 

 

Let pM  be Merseme  prime numbers with power p , so that 2 1p
pM = − ( 2, 3, 5, 7, 13,p = ) . 

Proposition 2.1    The equation 12 1
11y sb l− = ( 12 1y  ) has solutions 2 33 1 2− =  and 12 1p

pM− = ( 2, 3, 5, 7, 13,p = ). 

Proof    When 1 1s  , from Catalan’s theorem, the equation 12 1
11y sb l− =  has a unique solution 2 33 1 2− = . When 1 1s = , 

1
1 ( 1) {( 1) / ( 1)}yl b b b= −  − −  leads 1 1b − = . Thus we have 2b =  and 1 pl M= .                  

 

Corollary 2.2     When 12 2y m= , the equation 12 1
11y sb l− =  has two solutions 2 33 1 2− = , 2 12 1 3− = . 

 

We remark 2a b ・ . 

In the case of gcd( , ) 1a b = , from Corollary 2.2 and (1.13), we have 

  
12

1

2

1

3 1 2 1 1
2 3

x

y

− −
= = , 

so that 12 13 1 2x y− = . Thus this equation has two solutions 12 1( , ) (1, 1), (2, 3)x y = . 

In the case of gcd( , ) 1a b  , from Corollary 2.2 and (1.15), we have 

  12

2

1

2 1(2 3) 1 1
3

xu −
 − = = , 

so that 12(2 3) 2xu  = . This equation has no solutions. 

 

Remark 2.3    Kobachi(4) prove that if gcd( , ) 1a b =  then the diophantine equation 
12 12

1 1

1 1 1
X Y

Y X

a b
b a
− −

= =  has two solutions 

1 2

1 1

3 1 2 1 1
2 3
− −

= = , 
2 2

3 1

3 1 2 1 1
2 3
− −

= = . 

 
 

3. The proof of Theorem 1.4 

Lemma 3.1    The system of equations 
1 1
1

m

m

b
b K

 − =


+ =
 has no solutions except 3K = . 

Proof   It is clear.                                                                                     

Lemma 3.2    The system of equations 
1 2
1

m

m

b
b K

 − =


+ =
 has no solutions except 4K = . 

Proof   It is clear.                                                                                     

Lemma 3.3    The equations 11 2m rb ++ = ( 1m  ) has no solutions. 

Proof   It is clear from Catalan’s theorem.                                                                  
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12

1

8

1

41 1 3 1 160
3 41

x

y

− −
= = ,  

12

1

8

1

160 1 3 1 41
3 160

x

y

− −
= = , 

  
12

1

8

1

205 1 3 1 32
3 205

x

y

− −
= = . 

In the case of gcd( , ) 1a b  , from proposition 4.2 and (1.15), we have the following equations: 

  12

8

1

2 1(2 3) 1 85
3

xu −
 − = = ,  12

8

1

2 1(2 85) 1 3
3

xu −
 − = = , 

  12

8

1

2 1(2 5) 1 51
5

xu −
 − = = ,  12

8

1

2 1(2 51) 1 5
51

xu −
 − = = , 

  12

8

1

2 1(2 17) 1 15
17

xu −
 − = = ,  12

8

1

2 1(2 15) 1 17
15

xu −
 − = = , 

  12

8

1

3 1(3 5) 1 1312
5

xu −
 − = = ,  12

8

1

3 1(3 1312) 1 5
1312

xu −
 − = = , 

  12

8

1

3 1(3 41) 1 160
41

xu −
 − = = ,  12

8

1

3 1(3 160) 1 41
160

xu −
 − = = , 

  12

8

5

3 1(3 2) 1 205
2

xu −
 − = = ,  12

8

5

3 1(3 32) 1 205
32

xu −
 − = = , 

  12

8

5

3 1(3 205) 1 32
205

xu −
 − = = . 

Thus (1.1) has no solutions. 
 
 

5. The proof of Theorem 1.6 

Lemma 5.1    If 31 24 2
1 2 31 ss smb l l l+ − =  then 2, 3b = . 

Proof    We have  

(5.1)  
4 2 2 1 2 1

4 2 2 2
2

1 1 11 ( 1) ( 1)
1 1 1

m m m
m b b bb b b

b b b

+ + +
+ − − +
− = −  = −  

− − +
. 

From 2 4b  , there exists a prime number l  with 2 1l b −・  and 4 2 2| ( 1) / ( 1)ml b b+ − − . Therefore, from 

2 1 2 1gcd(( 1) / ( 1), ( 1) / ( 1)) 1m mb b b b+ +− − + + = , 31 24 2
1 2 31 ss smb l l l+ − =  leads 2 1 is

ib l − = （1 i is s  , {1, 2, 3}i ）. Thus, from 

corollary 2.2, we have 2, 3b = .                                                                          

 

We remark that 12x  is even in this section. Put 12 2x n= . 

In the case of 2b = , 1 21 1
1 23 ,s s

pl l M= = （ 5p  ） and 3
3 ( 2) / 3s

pl M= +  are satisfied from (5.1). 

In (1.15), thus we have the following equations : 

(5.2)  
1

2 2

1

( 2)3 1 2 1
2 3 3

n p
p p

y

M M +− −
= = , 

(5.3)  
1

2 2

1

1 2 1 2
2

n p
p

py
p

M
M

M
− −

= = + , 
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(3.6)  
1

4

4

3 1(3 2) 1 5
2

u x −
 − = = , 

  
1

4

2

3 1(3 4) 1 5
4

u x −
 − = = ,  

1
43 1(3 16) 1 5
16

u x −
 − = =  

If (3.4) is satisfied then 1(2 3) 6xu  = . Thus (3.4) has a unique solution 1( , ) (1, 1)u x = . 

If (3.5) is satisfied then 1(2 5) 4xu  = . Thus (3.5) has no solutions. 

In the same way, we confirm that (3.4) and (3.6) each have a unique solution. Thus (1.1) has two solutions (1.8), (1.12). 
 
 

4. The proof of Theorem 1.5 

Lemma 4.1    Let l  be a prime number. The system of equations 
2

2

1
1

m s

m

b l
b K

 − =


+ =
( 1m  ) has no solutions except 5, 10K = . 

Proof    From corollary 2.2, the equation 2 1m sb l− =  has two solutions 2 33 1 2− = , 2 12 1 3− = . Thus 10, 5K =  are 

obtained.                                                                                              
 

Proposition 4.2    The equation 31 24
1 2 31 ss smb l l l− = ( 1m  ) has two solutions 8 1 1 12 1 3 5 17− =   , 8 5 1 13 1 2 5 41− =   . 

Proof   In the case of 0 (mod 2)b  , we may assume 31 2
1 2 32 ss sl l l   . And 2 2gcd( 1, 1) 1m mb b− + =  is satisfied. From 

lemma 3.1 and lemma 4.1, the equation 31 24
1 2 31 ss smb l l l− =  ( 1m  ) leads the system of equations 

1 2

3

2
1 2

2
3

1

1

s sm

sm

b l l

b l

 − =


+ =
( 1m  ). 

Furthermore, from proposition 3.4, the equation 1 22
1 21 s smb l l− = ( 1m  ) has two solutions 4 1 12 1 3 5− =  , 6 1 22 1 7 3− =  . Thus 

the equation 31 24
1 2 31 ss smb l l l− = ( 1m  ) has a unique solution 8 1 1 12 1 3 5 17− =   . 

In the case of 1 (mod 2)b  , we may assume 3 2
3 2s rl +=  and 1 2

1 22 s sl l  . Furthermore 2 2gcd( 1, 1) 2m mb b− + =  and 

2
2 ( 1) 1mb + =  are satisfied. From lemma 4.1, the equation 31 24

1 2 31 ss smb l l l− =  ( 1m  ) leads the system of equations 

1

2

2 1
1

2
2

1 2
1 2

sm r

sm

b l
b l

+ − =


+ =
( 1m  ). And, from Proposition 3.4, the equation 12 1

11 2 sm rb l+− = ( 1m  ) has a unique solution 4 4 13 1 2 5− =  . 

Thus the equation 31 24
1 2 31 ss smb l l l− = ( 1m  ) has a unique solution 8 5 1 13 1 2 5 41− =   .                             

 

We remark 2a b  . 

In the case of gcd( , ) 1a b = , from proposition 4.2 and (1.13), we have the following equations: 

  
12

1

8

1

3 1 2 1 85
2 3

x

y

− −
= = ,   

12

1

8

1

85 1 2 1 3
2 85

x

y

− −
= = , 

  
12

1

8

1

5 1 2 1 51
2 5

x

y

− −
= = ,   

12

1

8

1

51 1 2 1 5
2 51

x

y

− −
= = , 

  
12

1

8

1

17 1 2 1 15
2 17

x

y

− −
= = ,   

12

1

8

1

15 1 2 1 17
2 15

x

y

− −
= = , 

  
12

1

8

1

5 1 3 1 1312
3 5

x

y

− −
= = ,  

12

1

8

1

1312 1 3 1 5
3 1312

x

y

− −
= = , 
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12

1

8

1

41 1 3 1 160
3 41

x

y

− −
= = ,  

12

1

8

1

160 1 3 1 41
3 160

x

y

− −
= = , 

  
12

1

8

1

205 1 3 1 32
3 205

x

y

− −
= = . 

In the case of gcd( , ) 1a b  , from proposition 4.2 and (1.15), we have the following equations: 

  12

8

1

2 1(2 3) 1 85
3

xu −
 − = = ,  12

8

1

2 1(2 85) 1 3
3

xu −
 − = = , 

  12

8

1

2 1(2 5) 1 51
5

xu −
 − = = ,  12

8

1

2 1(2 51) 1 5
51

xu −
 − = = , 

  12

8

1

2 1(2 17) 1 15
17

xu −
 − = = ,  12

8

1

2 1(2 15) 1 17
15

xu −
 − = = , 

  12

8

1

3 1(3 5) 1 1312
5

xu −
 − = = ,  12

8

1

3 1(3 1312) 1 5
1312

xu −
 − = = , 

  12

8

1

3 1(3 41) 1 160
41

xu −
 − = = ,  12

8

1

3 1(3 160) 1 41
160

xu −
 − = = , 

  12

8

5

3 1(3 2) 1 205
2

xu −
 − = = ,  12

8

5

3 1(3 32) 1 205
32

xu −
 − = = , 

  12

8

5

3 1(3 205) 1 32
205

xu −
 − = = . 

Thus (1.1) has no solutions. 
 
 

5. The proof of Theorem 1.6 

Lemma 5.1    If 31 24 2
1 2 31 ss smb l l l+ − =  then 2, 3b = . 

Proof    We have  

(5.1)  
4 2 2 1 2 1

4 2 2 2
2

1 1 11 ( 1) ( 1)
1 1 1

m m m
m b b bb b b

b b b

+ + +
+ − − +
− = −  = −  

− − +
. 

From 2 4b  , there exists a prime number l  with 2 1l b −・  and 4 2 2| ( 1) / ( 1)ml b b+ − − . Therefore, from 

2 1 2 1gcd(( 1) / ( 1), ( 1) / ( 1)) 1m mb b b b+ +− − + + = , 31 24 2
1 2 31 ss smb l l l+ − =  leads 2 1 is

ib l − = （1 i is s  , {1, 2, 3}i ）. Thus, from 

corollary 2.2, we have 2, 3b = .                                                                          

 

We remark that 12x  is even in this section. Put 12 2x n= . 

In the case of 2b = , 1 21 1
1 23 ,s s

pl l M= = （ 5p  ） and 3
3 ( 2) / 3s

pl M= +  are satisfied from (5.1). 

In (1.15), thus we have the following equations : 

(5.2)  
1

2 2

1

( 2)3 1 2 1
2 3 3

n p
p p

y

M M +− −
= = , 

(5.3)  
1

2 2

1

1 2 1 2
2

n p
p

py
p

M
M

M
− −

= = + , 

 
 

熊本高等専門学校 研究紀要 第 12 号（2020）  

(3.6)  
1

4

4

3 1(3 2) 1 5
2

u x −
 − = = , 

  
1

4

2

3 1(3 4) 1 5
4

u x −
 − = = ,  

1
43 1(3 16) 1 5
16

u x −
 − = =  

If (3.4) is satisfied then 1(2 3) 6xu  = . Thus (3.4) has a unique solution 1( , ) (1, 1)u x = . 

If (3.5) is satisfied then 1(2 5) 4xu  = . Thus (3.5) has no solutions. 

In the same way, we confirm that (3.4) and (3.6) each have a unique solution. Thus (1.1) has two solutions (1.8), (1.12). 
 
 

4. The proof of Theorem 1.5 

Lemma 4.1    Let l  be a prime number. The system of equations 
2

2

1
1

m s

m

b l
b K

 − =


+ =
( 1m  ) has no solutions except 5, 10K = . 

Proof    From corollary 2.2, the equation 2 1m sb l− =  has two solutions 2 33 1 2− = , 2 12 1 3− = . Thus 10, 5K =  are 

obtained.                                                                                              
 

Proposition 4.2    The equation 31 24
1 2 31 ss smb l l l− = ( 1m  ) has two solutions 8 1 1 12 1 3 5 17− =   , 8 5 1 13 1 2 5 41− =   . 

Proof   In the case of 0 (mod 2)b  , we may assume 31 2
1 2 32 ss sl l l   . And 2 2gcd( 1, 1) 1m mb b− + =  is satisfied. From 

lemma 3.1 and lemma 4.1, the equation 31 24
1 2 31 ss smb l l l− =  ( 1m  ) leads the system of equations 

1 2

3

2
1 2

2
3

1

1

s sm

sm

b l l

b l

 − =


+ =
( 1m  ). 

Furthermore, from proposition 3.4, the equation 1 22
1 21 s smb l l− = ( 1m  ) has two solutions 4 1 12 1 3 5− =  , 6 1 22 1 7 3− =  . Thus 

the equation 31 24
1 2 31 ss smb l l l− = ( 1m  ) has a unique solution 8 1 1 12 1 3 5 17− =   . 

In the case of 1 (mod 2)b  , we may assume 3 2
3 2s rl +=  and 1 2

1 22 s sl l  . Furthermore 2 2gcd( 1, 1) 2m mb b− + =  and 

2
2 ( 1) 1mb + =  are satisfied. From lemma 4.1, the equation 31 24

1 2 31 ss smb l l l− =  ( 1m  ) leads the system of equations 

1

2

2 1
1

2
2

1 2
1 2

sm r

sm

b l
b l

+ − =


+ =
( 1m  ). And, from Proposition 3.4, the equation 12 1

11 2 sm rb l+− = ( 1m  ) has a unique solution 4 4 13 1 2 5− =  . 

Thus the equation 31 24
1 2 31 ss smb l l l− = ( 1m  ) has a unique solution 8 5 1 13 1 2 5 41− =   .                             

 

We remark 2a b  . 

In the case of gcd( , ) 1a b = , from proposition 4.2 and (1.13), we have the following equations: 

  
12

1

8

1

3 1 2 1 85
2 3

x

y

− −
= = ,   

12

1

8

1

85 1 2 1 3
2 85

x

y

− −
= = , 

  
12

1

8

1

5 1 2 1 51
2 5

x

y

− −
= = ,   

12

1

8

1

51 1 2 1 5
2 51

x

y

− −
= = , 

  
12

1

8

1

17 1 2 1 15
2 17

x

y

− −
= = ,   

12

1

8

1

15 1 2 1 17
2 15

x

y

− −
= = , 

  
12

1

8

1

5 1 3 1 1312
3 5

x

y

− −
= = ,  

12

1

8

1

1312 1 3 1 5
3 1312

x

y

− −
= = , 

― 41 ―
熊本高等専門学校　研究紀要　第12号（2020）



On Diophantine Equation 2 1 2 1x x y ya a b b− = − (Nobuo Kobachi) 
 

 Research Reports of  NIT (KOSEN), Kumamoto College. Vol. 12 (2020) 

1 6(3 1)(3 5) 2 (3 1)m m m− − + =  −  leads 1 1 (mod 3) − . We have a contradiction. If 2n =  then 1 2

2 2
3 3

2
1 13

4 2
y s l ll − +
 =  , so that 

the system of equations 1

2
3 1 3

4
yl −

=  and 3

2
3

2
1

2
sl l+

=  is satisfied. Thus 2 1
2 2 3 1s yl −  = , so that 1 13 (3 4) 5y m y− − =  is obtained. 

We have a contradiction. 
 
 

6. The proof of Theorem 1.7 

Proposition 6.1    In the case of 0 (mod 2)b  , the equation 31 2 44
1 2 3 41 ss s smb l l l l− = ( 1m  ) has two solutions 

12 2 1 1 12 1 3 5 7 13− =    , 16 1 1 1 12 1 3 5 17 257− =    . 

Proof    From lemma 3.1 and Lemma 4.1 and 2 2gcd( 1, 1) 1m mb b− + = , we have 

(6.1)  
1 2

3 4

2
1 2

2
3 4

1

1

s sm

s sm

b l l

b l l

 − =


+ =
, 

(6.2)  
31 2

4

2
1 2 3

2
4

1

1

ss sm

sm

b l l l

b l

 − =


+ =
. 

If (6.1) is satisfied, from proposition 3.4, 1 22
1 21 s smb l l− =  has two solutions 4 1 12 1 3 5− =  , 6 2 12 1 3 7− =  . When 4 1 12 1 3 5− =   

is satisfied, 3 4
3 4 17s sl l =  follows. We have a contradiction. When 6 2 12 1 3 7− =  , 3 4 1 1

3 4 65 5 13s sl l = =   follows. Thus 

31 2 44
1 2 3 41 ss s smb l l l l− =  has a solution 12 2 1 1 12 1 3 5 7 13− =    . If (6.2) is satisfied, from proposition 4.2 and lemma 5.2, we have 

the follows: 

ⅰ ) 31 22
1 2 31 ss smb l l l− =  has a solution 8 1 1 12 1 3 5 17− =   . Then 4 1

4 257sl =  follows. Thus 31 2 44
1 2 3 41 ss s smb l l l l− =  has a 

solution 16 1 1 1 12 1 3 5 17 257− =    .   

ⅱ) 2b =  and 1 (mod 2)m   are satisfied. Then 4 1
4 4 1 5 {(4 1) / 5}s m ml = + =  +   follows. Since there exists an odd prime 

number 5l  with | (4 1) / 5ml + , this result does not occur.                                                     

 

Proposition 6.2    In the case of 1 (mod 2)b  , the equation 31 2 44
1 2 3 41 ss s smb l l l l− = ( 1m  ) has no solutions. 

Proof   We may assume 4 2
4 2s rl += . Furthermore 2 2gcd( 1, 1) 2m mb b− + =  and 2

2 ( 1) 1mb + =  are satisfied. From lemma 4.1, 

we have 

(6.3)  
1

32

2 1
1

2
2 3

1 2

1 2

sm r

ssm

b l

b l l

+ − =


+ =
, 

(6.4)  
1 2

3

2 1
1 2

2
3

1 2

1 2

s sm r

sm

b l l

b l

+ − =


+ =
 

If (6.3) is satisfied, from Proposition 3.4, 12 1
11 2 sm rb l+− =  has a solution 4 4 13 1 2 5− =  . 

Then 32
2 3 41ssl l =  follows. We have a contradiction. If (6.4) is satisfied, from proposition 4.2 and lemma 5.2, we have the 

follows: 

ⅰ) 31 22
1 2 31 ss smb l l l− =  has a solution 8 5 1 13 1 2 5 41− =   . Then 4 1 1

4 3281 17 193sl = =   follows. We have a contradiction. 

ⅱ) 3b =  and 1 (mod 2)m   are satisfied. Then 4 1
4 (9 1) / 2 5 {(9 1) /10}s m ml = + =  +   follows. Since there exists an odd 
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(5.4)  
31

2 2
3

3

1 2 1 3
2

n p

psy

l M
l

− −
= = . 

When (5.2) is satisfied, we have 312 1
33 1 2 syn

pM l− =   . From proposition 4.2, 2n =  or n  is odd. If 2n =  then 

31 1 4 1
32 2 5sy

pM l  =  . We have a contradiction. If n  is odd then (3 1) / 2n
pM = −  from (5.1) and 31

3
s

pM l . Thus 

12 1 3p n+ − =  is obtained. We have a contradiction. 

When (5.3) is satisfied, we have 12 1 2 ( 2)yn
p pM M− = + . Thus 1 12 1 0 (mod )y

pM+ +   , so that 1 12 1| 2 1yp +− +  is satisfied. 

We have a contradiction. 

When (5.4) is satisfied, we have 12
3 1 2 3yn

pl M− =   .From proposition 4.2 and lemma 5.1, 

1, 2n =  follows. If 1n =  then 3 31 12 2
3 3 31 2 3 (3 2) 2 3 ( 1)s sy yl l l− =   −    − . Thus 3 1s =  is obtained. Then 

1 22 3 {( 2) / 3} 1y
p pM M  = + − , so that  1 3 3 2 12 3 (2 1) 2 (2 1)(2 1)y p p p− − − =  + −  is satisfied. Therefore we have 1 3y =  and 

2 127(2 1) (2 1)(2 1)p p p− −− = + − . Furthermore, from 5p  , 2 127(2 1) (2 1)(2 1)p p p− −− = + −  leads 1 1 (mod 4)−  . We have a 

contradiction. If  2n =  then 
1

2 2
3 3

1

1 13
2 2p y

l lM −

− +
=  , so that the system of equations 

1

2
3

1

1 3
2y

l
−

−
=  and  

2
3 1

2 p
l M+

=  is obtained. 

Thus we have 1 1 13 2 2 2 4(2 1)y p
pM− − = − = − . Therefore 1 3y =  and 3p =  follow. But the result is contradict to 5p  .  

 

In the case of 3b = , 1 23
1 22 , (3 1) / 2s s ml l= = −  and 3

3 (3 1) / 4s ml = +  are satisfied from (5.1) . 

In (1.15), thus we have the following equations : 

(5.5)  3

1 2

2 2
2

3
2

1 3 1 8
3

n m
s

y s

l l
l

− −
= = , 

(5.6)  2

1 2

2 2
3

2
3

1 3 1 8
3

n m
s

y s

l l
l

− −
= = . 

When (5.5) is satisfied, we have 312 3
2 31 2 3 synl l− =   . From proposition 4.2 and lemma 5.1, 

1, 2n =  follows. If 1n =  then 1 2 1 22 1 1
2 2 21 2 3 ( 1) 2 3 ( 1)y s y sl l l− =   +    − . Thus 2 1s =  is obtained. Then 

1

2
33 1 3 11 2 3

2 4

m m
y − +

− =   
 

 leads 11 33(3 1) 2 3ym− − =  . Thus we have 1 1y =  and 3m = . Therefore (5.5) has a solution 

(5.7)  
2 6

1 1

13 1 3 1 56
3 13
− −

= = . 

If 2n =  then 31

2 2
2 2

3
1 13

4 2
sy l ll − +

 =  , so that the system of equations 1

2
2 1 3

4
yl −

=  and 3

2
2

3
1

2
sl l+

=  is satisfied. Thus 

3 1
3 2 3 1s yl −  = , so that 1 13 (3 8) 3y m y− − =  is obtained. Therefore we have 1 1y =  and 3m = . Furthermore 2

2 13l =  follows. We 

have a contradiction.  

When (5.6) is satisfied, we have 1 22 3
3 21 2 3y snl l− =   . From proposition 4.3 and lemma 5.1, 1, 2n =  follows. If 1n =  then 

1 2 1 22 3 4
3 3 31 2 3 (2 1) 2 3 ( 1)y s y sl l l− =   −    − . Thus 2 1s =  is obtained. Then 1

2
33 1 3 11 2 3

4 2

m m
y + −

− =   
 

 leads 

11 63(3 1)(3 5) 2 3 (3 1)ym m m− − + =   − . Thus we have 1 1y =  and 1 6(3 1)(3 5) 2 (3 1)m m m− − + =  − . Furthermore 
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1 6(3 1)(3 5) 2 (3 1)m m m− − + =  −  leads 1 1 (mod 3) − . We have a contradiction. If 2n =  then 1 2

2 2
3 3

2
1 13

4 2
y s l ll − +
 =  , so that 

the system of equations 1

2
3 1 3

4
yl −

=  and 3

2
3

2
1

2
sl l+

=  is satisfied. Thus 2 1
2 2 3 1s yl −  = , so that 1 13 (3 4) 5y m y− − =  is obtained. 

We have a contradiction. 
 
 

6. The proof of Theorem 1.7 

Proposition 6.1    In the case of 0 (mod 2)b  , the equation 31 2 44
1 2 3 41 ss s smb l l l l− = ( 1m  ) has two solutions 

12 2 1 1 12 1 3 5 7 13− =    , 16 1 1 1 12 1 3 5 17 257− =    . 

Proof    From lemma 3.1 and Lemma 4.1 and 2 2gcd( 1, 1) 1m mb b− + = , we have 

(6.1)  
1 2

3 4

2
1 2

2
3 4

1

1

s sm

s sm

b l l

b l l

 − =


+ =
, 

(6.2)  
31 2

4

2
1 2 3

2
4

1

1

ss sm

sm

b l l l

b l

 − =


+ =
. 

If (6.1) is satisfied, from proposition 3.4, 1 22
1 21 s smb l l− =  has two solutions 4 1 12 1 3 5− =  , 6 2 12 1 3 7− =  . When 4 1 12 1 3 5− =   

is satisfied, 3 4
3 4 17s sl l =  follows. We have a contradiction. When 6 2 12 1 3 7− =  , 3 4 1 1

3 4 65 5 13s sl l = =   follows. Thus 

31 2 44
1 2 3 41 ss s smb l l l l− =  has a solution 12 2 1 1 12 1 3 5 7 13− =    . If (6.2) is satisfied, from proposition 4.2 and lemma 5.2, we have 

the follows: 

ⅰ ) 31 22
1 2 31 ss smb l l l− =  has a solution 8 1 1 12 1 3 5 17− =   . Then 4 1

4 257sl =  follows. Thus 31 2 44
1 2 3 41 ss s smb l l l l− =  has a 

solution 16 1 1 1 12 1 3 5 17 257− =    .   

ⅱ) 2b =  and 1 (mod 2)m   are satisfied. Then 4 1
4 4 1 5 {(4 1) / 5}s m ml = + =  +   follows. Since there exists an odd prime 

number 5l  with | (4 1) / 5ml + , this result does not occur.                                                     

 

Proposition 6.2    In the case of 1 (mod 2)b  , the equation 31 2 44
1 2 3 41 ss s smb l l l l− = ( 1m  ) has no solutions. 

Proof   We may assume 4 2
4 2s rl += . Furthermore 2 2gcd( 1, 1) 2m mb b− + =  and 2

2 ( 1) 1mb + =  are satisfied. From lemma 4.1, 

we have 

(6.3)  
1

32

2 1
1

2
2 3

1 2

1 2

sm r

ssm

b l

b l l

+ − =


+ =
, 

(6.4)  
1 2

3

2 1
1 2

2
3

1 2

1 2

s sm r

sm

b l l

b l

+ − =


+ =
 

If (6.3) is satisfied, from Proposition 3.4, 12 1
11 2 sm rb l+− =  has a solution 4 4 13 1 2 5− =  . 

Then 32
2 3 41ssl l =  follows. We have a contradiction. If (6.4) is satisfied, from proposition 4.2 and lemma 5.2, we have the 

follows: 

ⅰ) 31 22
1 2 31 ss smb l l l− =  has a solution 8 5 1 13 1 2 5 41− =   . Then 4 1 1

4 3281 17 193sl = =   follows. We have a contradiction. 

ⅱ) 3b =  and 1 (mod 2)m   are satisfied. Then 4 1
4 (9 1) / 2 5 {(9 1) /10}s m ml = + =  +   follows. Since there exists an odd 
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(5.4)  
31

2 2
3

3

1 2 1 3
2

n p

psy

l M
l

− −
= = . 

When (5.2) is satisfied, we have 312 1
33 1 2 syn

pM l− =   . From proposition 4.2, 2n =  or n  is odd. If 2n =  then 

31 1 4 1
32 2 5sy

pM l  =  . We have a contradiction. If n  is odd then (3 1) / 2n
pM = −  from (5.1) and 31

3
s

pM l . Thus 

12 1 3p n+ − =  is obtained. We have a contradiction. 

When (5.3) is satisfied, we have 12 1 2 ( 2)yn
p pM M− = + . Thus 1 12 1 0 (mod )y

pM+ +   , so that 1 12 1| 2 1yp +− +  is satisfied. 

We have a contradiction. 

When (5.4) is satisfied, we have 12
3 1 2 3yn

pl M− =   .From proposition 4.2 and lemma 5.1, 

1, 2n =  follows. If 1n =  then 3 31 12 2
3 3 31 2 3 (3 2) 2 3 ( 1)s sy yl l l− =   −    − . Thus 3 1s =  is obtained. Then 

1 22 3 {( 2) / 3} 1y
p pM M  = + − , so that  1 3 3 2 12 3 (2 1) 2 (2 1)(2 1)y p p p− − − =  + −  is satisfied. Therefore we have 1 3y =  and 

2 127(2 1) (2 1)(2 1)p p p− −− = + − . Furthermore, from 5p  , 2 127(2 1) (2 1)(2 1)p p p− −− = + −  leads 1 1 (mod 4)−  . We have a 

contradiction. If  2n =  then 
1

2 2
3 3

1

1 13
2 2p y

l lM −

− +
=  , so that the system of equations 

1

2
3

1

1 3
2y

l
−

−
=  and  

2
3 1

2 p
l M+

=  is obtained. 

Thus we have 1 1 13 2 2 2 4(2 1)y p
pM− − = − = − . Therefore 1 3y =  and 3p =  follow. But the result is contradict to 5p  .  

 

In the case of 3b = , 1 23
1 22 , (3 1) / 2s s ml l= = −  and 3

3 (3 1) / 4s ml = +  are satisfied from (5.1) . 

In (1.15), thus we have the following equations : 

(5.5)  3

1 2

2 2
2

3
2

1 3 1 8
3

n m
s

y s

l l
l

− −
= = , 

(5.6)  2

1 2

2 2
3

2
3

1 3 1 8
3

n m
s

y s

l l
l

− −
= = . 

When (5.5) is satisfied, we have 312 3
2 31 2 3 synl l− =   . From proposition 4.2 and lemma 5.1, 

1, 2n =  follows. If 1n =  then 1 2 1 22 1 1
2 2 21 2 3 ( 1) 2 3 ( 1)y s y sl l l− =   +    − . Thus 2 1s =  is obtained. Then 

1

2
33 1 3 11 2 3

2 4

m m
y − +

− =   
 

 leads 11 33(3 1) 2 3ym− − =  . Thus we have 1 1y =  and 3m = . Therefore (5.5) has a solution 

(5.7)  
2 6

1 1

13 1 3 1 56
3 13
− −

= = . 

If 2n =  then 31

2 2
2 2

3
1 13

4 2
sy l ll − +

 =  , so that the system of equations 1

2
2 1 3

4
yl −

=  and 3

2
2

3
1

2
sl l+

=  is satisfied. Thus 

3 1
3 2 3 1s yl −  = , so that 1 13 (3 8) 3y m y− − =  is obtained. Therefore we have 1 1y =  and 3m = . Furthermore 2

2 13l =  follows. We 

have a contradiction.  

When (5.6) is satisfied, we have 1 22 3
3 21 2 3y snl l− =   . From proposition 4.3 and lemma 5.1, 1, 2n =  follows. If 1n =  then 

1 2 1 22 3 4
3 3 31 2 3 (2 1) 2 3 ( 1)y s y sl l l− =   −    − . Thus 2 1s =  is obtained. Then 1

2
33 1 3 11 2 3

4 2

m m
y + −

− =   
 

 leads 

11 63(3 1)(3 5) 2 3 (3 1)ym m m− − + =   − . Thus we have 1 1y =  and 1 6(3 1)(3 5) 2 (3 1)m m m− − + =  − . Furthermore 
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prime number 5l  with | (9 1) /10ml + , this result does not occur. 

 

If 31 2 44
1 2 3 41 ss s smb l l l l− = ( 1m  )  is satisfied, from proposition 6.1 and proposition 6.2, then (1.1) has no solutions except the 

following case: 

(6.5)  
12

1

1291 1 2 1 45
2 91

x

y

− −
= = . 

And, if (6.5) is satisfied, we have 12 45(91) 1x O= = . Furthermore 1

1
191 12 2

45
y −
= = , so that 1 1y =  follows. Therefore solution 

(1.7) is obtained. 
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マクマホン立方体を用いたテンソルデータ処理に関する 

データサイエンス教育の試み 
 

山本 直樹 1,* 石田 明男 2 大石 信弘 1 村上 純 1 

 
Trial of Data Science Education on Tensor Data Processing Using MacMahon’s Cubes 

Naoki Yamamoto1,*, Akio Ishida2, Nobuhiro Oishi1, Jun Murakami1 
 

We developed a new learning material that can be used in a subject of data science offered in our advanced courses. This material 
is for students to learn tensor data processing related to HOSVD and reflects important points to learn it. A feature of this material 
is that MacMahon’s cubes are used to make the students interested in the data processing. After using this material for self-study 
in the lecture, we confirmed degree of understanding of the matrix unfolding, the folding, and the n-mode product by a written test. 
As a result, it was found that about 74% of students who took the subject understood all three processes. From this, it can be 
considered that this material is effective for data science education of the tensor data processing. 

 
キーワード： テンソルデータ処理、HOSVD、データサイエンス教育、マクマホン立方体、学習教材開発 

Keywords： Tensor data processing, HOSVD, Data science education, MacMahon’s cubes, Development of learning materials 
 
１．はじめに

テンソルは、高次元のデータを取り扱う重要なデータ構

造の１つであり、テンソル分解などのテンソルデータ処理

を適用してデータの低次元化やパターン認識などに利用さ

れる(1)。一般に、テンソルに関するデータ処理は複雑であ

り、これまで我々は、立体パズルを用いてこれらの処理を

理解支援するためのツールを開発してきている(2),(3)。文献

(2)では、マクマホン立方体(4)を利用したツールを開発して

いるが、本研究では、この立方体を用いて本校専攻科開講

のデータサイエンスのテンソルデータ処理に関する講義で

活用できる新たな学習教材を開発する。以下では、2 章で

テンソルデータ処理における学習のポイントについて検討

し、3 章では、検討された学習ポイントを反映して開発さ

れた学習教材とその活用例の説明、教材利用後の受講学生

の理解度確認の結果などについて述べる。 
 
２．テンソルデータ処理とその学習ポイント

講義を行うテンソルデータ処理の概要

テンソルデータ処理の重要なものとして、テンソル分解

がある。テンソル分解とは、高次元のテンソルデータを、

より低次元のテンソルを用いて積や和で表現するものであ

る。テンソル分解の１つとして、高次特異値分解（Higher-
Order Singular Value Decomposition; HOSVD）(5)があるが、本

校専攻科開講のデータサイエンスの講義ではこの分解につ

いて取り扱っている。ここで、HOSVD とは、行列の特異値

分解（Singular Value Decomposition; SVD）を 3 階以上のテ

ンソルの分解に拡張したものである。以下に、N 階テンソ

ルの HOSVD の定義とそのアルゴリズムを示す(5)。 
［［（（定定義義 1））N階階テテンンソソルルのの HOSVD］］ 

サイズ𝐼𝐼1 × 𝐼𝐼2 × ⋯ × 𝐼𝐼𝑁𝑁の実数値をもつ N 階テンソルを

𝓐𝓐 ∈ ℝ𝐼𝐼1×𝐼𝐼2×⋯×𝐼𝐼𝑁𝑁とする。このとき、テンソル𝓐𝓐は N 個のサ

イズ 𝐼𝐼𝑛𝑛 × 𝐼𝐼𝑛𝑛 の正規直交行列𝑼𝑼(𝑛𝑛) ∈ ℝ𝐼𝐼𝑛𝑛×𝐼𝐼𝑛𝑛, (𝑛𝑛 = 1, 2, … , 𝑁𝑁)
と、𝓐𝓐 と同じサイズのコアテンソル𝓒𝓒 ∈ ℝ𝐼𝐼1×𝐼𝐼2×⋯×𝐼𝐼𝑁𝑁との n-
モード積（2.2 節の定義 2 参照）により次式として分解さ

れ、これを N 階テンソルの HOSVD と呼ぶ。 
𝓐𝓐 = 𝓒𝓒 ×1 𝑼𝑼(1) ×2 𝑼𝑼(2) ⋯ ×𝑁𝑁 𝑼𝑼(𝑁𝑁)          (1) 

ここで、演算子×𝑛𝑛, (𝑛𝑛 = 1,2, … , 𝑁𝑁)は n-モード積の演算を表

す。 
（（定定義義おおわわりり）） 

［［（（アアルルゴゴリリズズムム 1））N階階テテンンソソルルのの HOSVD］］ 
入力： サイズ𝐼𝐼1 × 𝐼𝐼2 × ⋯ × 𝐼𝐼𝑁𝑁の N 階テンソル𝓐𝓐 
出力： サイズ𝐼𝐼𝑛𝑛 × 𝐼𝐼𝑛𝑛の正規直交行列𝑼𝑼(𝑛𝑛), (𝑛𝑛 = 1,2, … , 𝑁𝑁)、

 𝓐𝓐 と同サイズのコアテンソル𝓒𝓒 
（ステップ 1）入力の N 階テンソル𝓐𝓐に n-モード行列展開

（ 2.2 節の定義 3 参照）を適用して、 𝓐𝓐 をサイズ

𝐼𝐼𝑛𝑛 × (𝐼𝐼𝑛𝑛+1𝐼𝐼𝑛𝑛+2 ⋯ 𝐼𝐼𝑁𝑁𝐼𝐼1𝐼𝐼2 ⋯ 𝐼𝐼𝑛𝑛−2𝐼𝐼𝑛𝑛−1)の N 通りの行列 𝑨𝑨(𝑛𝑛) ∈
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