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High order weak Lefschetz properties, higher Hessians and Jordan types
for standard graded Artinian Gorenstein algebras
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In this article, we give a criterion for high order weak Lefschetz properties of standard graded Artinian Gorenstein
algebras, using the Jordan types of those algebras, which can be computed by Gondim’s mixed Hessian matrices.
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1. Introduction

The Lefschetz properties of Artinian graded algebras have been studied by many authors see Ref.(1), Ref.(2), Ref.(3), Ref.(4)
and we have introduced the high order weak Lefschetz properties to study the strong Lefschetz properties for standard graded
Artinian Gorenstein algebras see Ref.(5). In this paper, we give a criterion for high order weak Lefschetz properties of standard
graded Artinian Gorenstein algebras by the Jordan types of those algebras see Theorem 6.5. We see that the Jordan type of a
standard graded Artinian Gorenstein algebra can be computed by the rank matrix of the algebra which is defined by Gondim’s
mixed Hessian matrices see Definition 5.2, Definition 6.1 and Ref.(6).

Sections 2 through 5, these are preliminary sections. Here we give reviews of Macaulay’s inverse generator, the Lefschetz
properties, Jordan type of a nilpotent linear endomorphism, the high order weak Lefschetz property and mixed Hessian matrices.
In section 6, first we give a definition of Jordan type of a standard graded Artinian Gorenstein algebra, which is essentially based
on the Gondim’s work see Ref.(7), and give a criterion for high order weak Lefschetz property of a standard graded Artinian
Gorenstein algebra. In section 7, the final section, we discuss the [i]-weak Lefschetz property and the weak Lefschetz level using
mixed Hessian matrices.

2. Macaulay’s inverse generator and the weak Lefschetz property
Let K be a field of characteristic 0, R = K[X] = K[X],--~,X”] be a polynomial ring in # variables and K[K] acts on

another polynomial ring in »n variables E=FE (g) =K [)_c] =K [x],~ . -,xn] as differential operators defied by
X, :=— (i=1,---,n), sometimes we denote this by £ = K[g]d{pf R=K[X].Since K isafield of characteristic 0, E(x) is

isomorphic to the injective envelop of the residue field of K [K ] in the category of graded K [K ] modules. Hence we remark

that degree —i component of £ as a graded K[l] module is E7,=K[x1,~~-,xn][ for each ieZ . The proof of the
following theorem can be found in Ref.(4), Ref.(8) or Ref.(9).

Theorem 2.1. (Macaulay’s inverse generator) If A is a standard graded Artinian Gorenstein K algebra of embedding

dimension less than or equal to n, then there exists a homogeneous polynomial feE:K[xl,---,xn] such that A=R/I

where [ = OK[:X]f = {é‘ eER= K[i“ff = 0} and we call  f a ‘Macaulay's inverse generator’ for A.
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Higher Hessians and Jordan types

Notation 2.2. Let f be anonzero homogeneous polynomialsin E =K [E] . We use the following notations:
A(f)= K[g]/(oK[:ﬁfj and 4Y(f)=K[X] fcE.
Remark 2.3. Let f be a nonzero homogeneous polynomials of deg f=d in E=K [g] . Then the following hold:
(1 A (f) =Hom, (A(f),K) = A(f)[d] as graded A(f) modules, where [i{] denotes the usual i -shift functor for

i€eZ,ie, M[i],:=M,; forany graded A(f) module M and jeZ.

i+)

(2) From (1), we have dimy 4, =dim, A, , forany ieZ.

() L-A(f)=A"(Lf)=A(Lf)d 1], L-(A(f)[d])=(L-A(f))d-1] and L-A(f)=A(Lf).

Definition 2.4. Let 4= A(f ) be a standard graded Artinian Gorenstein K algebra. We say that A has the ‘weak Lefschetz
property’ (WLP) if there exists a nonzero linear form L e K[X], such that the K linear map xL:A4 — A[1] has the maximal
rank property, i.e., rank(xL A4, > AM) = min{dimK A,, dim, AM} for all ieZ, where xL denote the map induced from

multiplication by L . In this case, we say that 4 has the WLP with respectto L e K[X],.

3. Jordan types of nilpotent linear endmorpisms

Let (V, g) be a pair of a finite dimensional K -vector space V' and a nilpotent linear endomorphism g on V with

r—1
g°#0 and g*'=0. Then ¥ has a direct sum decomposition V=@V, into cyclic g invariant subspaces, ie., cyclic
i=0

K[g]=K[t]/(¢*"") modules with dim,V,>dim,V,>--->dim,V, , >1. Here we introduce the following definitions.

Definition 3.1. The Jordan type J, V( g) of (V, g) is the partition defined as follows:
Jy(g)=dim, V, ®dim, V, ®--- @ dim, V,_, .

We also define 1, ( g) and A, ( g) the rank vector and the A -rank vector of (V R g) as a e+1-dimensional integer vector

with entries:

1,(g) = rank(gi) (i=0,--,e)and
A (g) = rank(gi)—rank(gi*‘) (i=0,e),

where rank(g’)::dimKIm(gi)(i:O,-~-,e), especially rank(go):rank(IdV):dimKV.

Notation 3.2. Let v= (vi)_

... bea e+l-dimensional vector whose entries are all nonnegative integers, we denote

l(v) =V, @-n@v&

the partition obtained from v, where v, >--->v, and denote A" (v)= (}u(v))v the dual partition of /1(1/) .

Lemma 3.3. JV(g)zﬂv(A,,(g)) and AV(g)OZ---ZAV(g)e.
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Proof. It is enough to show that J,(g) =A(A,(g)). Let J,(g)=m,®m ®m, ®---®m,_, with e=m,>-->m,_,, and

J,(g) =n,®n®n,®--®n,_, with r=n,2---2n_, then we remark that
V:K[t]/(t’””“)@K[t]/(t””“)@K[t]/(tmz“)@--~@K[t]/(t’”'*'“) as K[g]=K[t]/ (") modules.

Hence r=n,=dim, Ker(V ——V)=dim, V' —dim, g(V')=dim, g°(V)-dim, g(V)=A,(g), and

S (8) =m®n,®---@n,, . Similarly n, =dim, Ker(g(V)—~>g(V))=dim, g(V)-dim, g*(V)=A,(g), and

JZ(V)(g) =n,®---®n, | andsoon. [J

g

4. The high order Lefschetz properties and the Jordan type
First we recall that the definition of the weak Lefschetz property of order ¢>1 in case of the Gorenstein standard graded

Artinian algebra 4= A( /) with homogeneous polynomial f € K[x].

Definition 4.1. We say that 4 = A(f ) has the ‘weak Lefschetz property of order ¢ >1" if there exists a nonzero linear form

L e K[X], suchthatforeach i=1,--,c, A(LHf) has the weak Lefschetz property with respectto L e K[X], .

Notation 4.2. Let L e K[X],. We denote the Jordan type of multiplication map xL on A( f ) by

Jf(L)::JA(_/)(XL)’

and denote the rank vector and the A -rank vector of (A(f), ><L) by 1, (L) =T, (><L) and A, (L) ::AA(f) ( ><L) .

Remark 43.  (J,(L)) =A, (L) =dimd(Lf)-dimd(L7f)=A, (L),=(J,, (L)) for i=0..d=degf where

0
LO —
f=r.
As a corollary of Lemma 3.3, we have the following result.

Corollary 44. J, ( L) =17 (Af (L)) .

Notation4.5. /= hA(/.) denotes the Hilbert function of A(f) ,ie, h; (l) = hA(/.) (l) =dim, A(f)i for ieZ and

h,=h,, denotes the Hilbert vector of A(f).ie., h, = (h/. (0).h,(1), ) )

/)

Lemma 4.6. Let feK[x] be a nonzero homogeneous polynomial of deg f =d . Then the following conditions are

equivalent:

8 A( f ) has the weak Lefschetz property with respect to L € K[X],.

@ A8, (L),=A(n) . © ( (1), =4(h) .

—/0

EASEFEMER HRLE H115 (2019



Higher Hessians and Jordan types

Proof. It is well know that A( f ) has the weak Lefschetz property with respectto L € K[X], if and only if
dim,, Ker(A(f)X—L>A(f)) =maxh, .

Clearly maxh, = /1(&)0 and (Jf(L)); = E(Af (L))0 =dim, Ker(A(f)x—L>A(f)) by Corollary 4.4. This complete the

proof. [

Notation 4.7. For a vector v=(v0,vl,---) and an integer 0< p, we denote v, ::(vo,vl,~~~,vp) and v,, :=(vp,vp+l,~~-).

Lemmad4.8. A= A(f) has the weak Lefschetz property of order c if and only if

z(hf)_=,1(th)_1=---:,1(@,/) forall 1<i<c.
—/>i —/ 2i— —/20

Especially in this case, we have /1(/1/)_ = /?,(th)

—/i —/i-1

- ..:ﬂ(hll)o for 1<i<c.

Proof. A= A(f) has the weak Lefschetz property if and only if ﬂ.(hf) = ﬂ,(h,{f) . Moreover if 4= A(f) and A(Lf)

>1 20

have the weak Lefschetz property if and only if /l(hf) =/?,(th) and l(hf) =/1(th») :ﬂ(hw) . Similarly we have
— /> 2 />0 — /> — /5 1 )50

Mn) =2(y) ==2(h,) foran i<ise. O
—/2i —/ i >0

Proposition 4.9. Let f € K[x] be a nonzero homogeneous polynomial of deg f =d. Then the following conditions are

equivalent:

(1) 4= A(f) has the weak Lefschetz property of order ¢ =1 with respectto L e K[X],.

@ #(a,m),,=Ah) o (0], =4{k)

—/<c-1

Proof. The equivalence (2)@(3) is clear by Corollary 3.11. For the proof (1)@(2), using Lemma 4.6, Lemma 4.8 and

Remark 4.3, A:A(f) has the weak Lefschetz property of order c>1 with respect to LeK[X] if and only if

/?,(Af (L))l_ = }“(AL’,/'(L))O = /I(hﬂ)o = l(hf )i for i=0,---,c—1. This complete the proof. []

Remark 4.10. Let f € K[x] be a nonzero homogeneous polynomial of deg f =d, then clearly ﬂ(hf )‘H zﬂ(ﬂ)d =1.1f
A= A(f) has the weak Lefschetz property of order d , then ﬂ,(hwf) :ﬂ,(h/.) =1 hence I*f is nonzero linear form
—)0 —/d-1

and automatically /?,(ht,,,f) =1. Moreover by Lemma 3.8, we have /?,(ht,/) = l(ht,,,f) =1. Hence /?,(ht, /)
— N1 0 —/1

— —/0

=H{n), =1

From the above remark, we have the following corollary, since A( f ) has the strong Lefschetz property with respect to

LeK[X], ifandonlyif A= A(f) has the weak Lefschetz property of order d =deg f .
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Corollary 4.11. Let f € K[x] be a nonzero homogeneous polynomial. Then the following conditions are equivalent:

1) A(f) has the strong Lefschetz property with respect to L e K[X],.

@) /I(Af(L)):/l(h_f). 3) (J/‘(L))vz,l(h,).

5. Review of the mixed Hessian matrices
Let A= A( f ) be a graded Gorenstein Artinian algebra with its socle degree d , i.e., d =degf . We can choose a set of
monomials BA(r):{a](r),--~,ah4(r)(r)} in LeK[X], such thatthe image of B, (r) in A isa K -linear base of A4, for

each r(OSrSd).SinceA[d]:K[K]sz(f)szv(f)gE and dimKAr=dimKAV(f) we have

r—d ’

dimy 4,

()= X Ka(r)f
i=1
and BA(r)f = {0‘1(”)f:"'aah(r)(”)f} is a K -linear base of Av(f)rid. Moreover since 4 is a standard graded

Gorenstein Artinian algebra, there exists the K -linear base B:(d—r):{a]*(d—r),-u,a,fl(r)(d—r)} of A, for each

r(OSrSd) such that

a.*(d—r)a/.(r)zé'ilﬂ mod /(f)=0 :

! K[X]

fo(0<ij<h,(r)).

,(d)and 6, is the Kronecker’s delta. But we can choose a,(d) such that a,(d)f =1, in this case
9=, (d).

Remark 5.1 With the notations as above, the following hold:

(1) BY(r)f={a;(r)/+a;,(r) f] is also a K -linear base of 4(f),_, for cach r(0<r<d) since B'(r) isa
K -linear base of A, foreach r(0<r<d).

(2) Wehave a;(d—r)a,;(r)f =6, since $f =1 foreach r(0<r<d) and 0<i,j<h,(r)=h,(d-r).

(3) B'(d-r) isadualbase of B,(r)f and B,(r) isadual base of B’,(d—r)/f from(2).

Definition 5.2. (Mixed Hessian matrix Ref.(6)) With the notations as above, we define the mixed Hessian matrix as follows:
(res)
Hess'/'" = (a,. (r)e; (S)f)lsislu(r), e (0<rs<d).

Notation 5.3. L=L(a)=aX ++a,X, (gz(al;n,an)eK”)

Remark 5.4. We remark that there is a following commutative diagram of K -linear maps for any linear form L = L( Q) :

4, = 4 (f)r—d
Lo,
4, = 4 (f)wrpd

where xL' is the linear map induced form the multiplication by L' (i S Z21) .
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Higher Hessians and Jordan types

Lemma 5.5. If f € K[x] is a nonzero homogeneous polynomial with deg f =d , then

L'(a)-f=d'f(a).

Proof. If we can assume that f = x° is a monomial of degree d . Then we have

L'(a)-f=L"(a) x* =(aX, +--~+a”Xn)d x :(---+15an3+~~-]-§€ =dla*=d!f(a). O
e!

Lemma 5.6. Let ¢:V=2va—>W=ZKw,. be a K -linear map from V with dim,V =m to V with dim W =n.

= i=1

Then representation matrix of ¢ with respect to bases {vj}_

j=leem

* *
and {w,} is (WA (v)) where {w}
{ '}z:l,---,n ! ¢ / 1<i<n,I<j<m izl

is the dual base of {w, }

i=l,n

Proof. Since (p(vj)zim*((p(vj))wi foreach 1< j<m, we have
i=1

¢[z] ~Sa0l) -5 ol

j=1 =l

This complete the proof. [J

xL(a)’

Theorem 5.7.(Gondim Ref.(6)) i!Hessl(;j*H’ ) is the matrix associated to the map A’ (f),-,d - Av(f)iﬂ_?d with

x=a

respect to the bases BA(j)f and BZ(j+l')f.

Proof. Since B,(d—j—i) is a dual base of B’,(j+i)/f and deg(ozl7 (d—j—i)aq(j)f):i , applying the above lemma,
xL(g‘

we have the representation matrix of the map A" (f )/_7 L AV( f )/_H_i , With respect to the bases B A( j) f and

(((e) e, (= =1)a, () 1)

:i!(ap(d_j_i)aq(j)f)

B+ (a,(d=i=0)(L(0) (o,()1))

p-q

(d=j=i.))

A .

x=a

=i!Hess

x=a

xL(a)"

Corollary 5.8. rank(A(f)j - A(f)’”J = rank(Hess ‘(;if’;""")

) for 0<i,j<d,where Hess!!”/™/):=0 if d<i+;.

x=a

Proof. This follows from Theorem 5.7, since the rank of a matrix is the same as the rank of its transpose. [

Notation 5.9. Let f e E=K[x] beanonzero homogeneous polynomial of deg f =d .

Hess(dfjfi’j)) the rank of matrix Hess&d'j_i’j) as a matrix with entries in the field K(X) for

We denote by rank P

K@(

0<i,j<d,where Hess!/”" ™) :=0 if d<i+j.
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6. The Jordan type and a criterion for the high order weak Lefschetz properties

Let feE=K[x] be a nonzero homogeneous polynomial of degf=d. We fix some notations and definitions as

follows:

1

Definition 6.1. Let rU:r/(i,j)::rankk(i)(Hess(fﬁH"")) for 0<i,j<d andlet 1:=|:|eZ’.
1

(1) The rank matrix of Gorenstein algebra A(f) = (rf (i,j))0 o
E <i, j<
d
(2) The rank vector of Gorenstein algebra A(f) cr=0 e, (rf) = Z7f (i,j) for 0<i<d.
j=0

(3) The A -rank vector of of Gorenstein algebra A(f) : A, a vector with entries (A/.)l_ = (r/ >;_(r/');+1 for 0<i<d

where (rf )d+1 =0

(4) The Jordan type of Gorenstein algebra A( f ) s Jp=A (Af) .

Remark 6.2. The following hold:

1) {L(g) =aX,++a,X, eK[X] = A, (K)y,(i.j)= rank(HessF;’*f*"*“f)

)} is a nonempty Zariski open set.

(2) From (1), y/.(i,j):rankK(£)<Hess(;’j"”j)) = rank(Aj(f)L(‘*’))Ajﬂ.(f))
for general element L(g):a]X] +-4a,X, e K[X] .

(3) From(2), r, =T, (xL(g)) and A‘/ZA/.(XL(Q)) for general element L(a)=aX, +--+a,X, € K[X],.

Example 6.3. Let f=x2u+xyv+y2weK[x,y,u,v,w]d{f\f K[X.,Y,U,V,W]. Then h_/. =(1, 5,5, 1) and a monomial base of

A= A(f) is depicted bellow:

xyv
Let {a,(0)=1}. {o(1)=X,0,(1) =Y, (1) =U,et, (1) =V, a5 (2) =W},

{2(2)= X0, (2) = XV.0,(2) = V"0, (2) = XU, (2) = YW | , {e,(3)= X1V}

2u v 2x y 0
v 2w x 2y
Since Hess! /) = (ap (d-i-j)a, (j)f)lgpgd_imk 4., wehave Hess"'=/2x 0 0 0 0|,
1<g<dimy 4; yoox 0 0
0 2y 0 0 0

7, =rank Hess(zf(m)’l) = rank (Hess " =4, r,=dim A(f). =h,(j) (j=0,---,3), n,=n,=1 ,5,=0,
1 S S/ 0/ J / 10 12 13

By =1y =1, n,=r,=0, =1, =r,=1,=0,
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To T T Tos (1 1 55 1)1 12 6
He hHy Ty 1l 1 41 01 6 4
VALVR S S M -1 01 A=t and g, 40202020101,
' Iy By Ty Il 1 1T 0 0}l1 2 1 ¥
By Fyo T Iy ) 1 0 0 O)U1 1 1
H B H B RN
. . H B EN
The Ferrer’s diagram of J , is as follows: =
|

d-1
Lemma 6.4. Let f €FE beanonzero homogeneous polynomial of deg f =d and let m(d,l) = LTJ . Then the following

conditions are equivalent:

(1) A=A( f ) has the weak Lefschetz property.
@) rf(l,m(d,l))zhf(m(d,l))
) r(Lj)=h,(j) forall j<m(d.1).

@) r1,(Lj)=h,(j) forall j<m(d,) and r,(1,j)=h(j+1) forall j>m(d,1).

® A(a,), :’1(’1)

SO.

Proof. From (1) to (4), these equivalences follow from the properties of the WLP see Lemma 4.5 in Ref.(5).

(5)< (1) :By definition A(A,) = ﬂ(ii )So if and only if

dim, Ker(xL)= max(hf) =h,(m(d.1)+1)

for general element L € K[.X], . This is equivalent to saying that A= A( f ) has the weak Lefschetz property. [J

Theorem 6.5. Let f €FE beanonzero homogeneous polynomial. Then the following conditions are equivalent:

(1) 4= A(f) has the weak Lefschetz property of order c.

@ }L<Af )sC-l - l(ﬂ)gc—l - 9 (Jf );-1 - Z(Q)SH

Proof. This follows from Proposition 4.9 and Remark 6.2. [

Definition 6.6.(see Definition 5.9 in Ref.(5)) Let f be a nonzero homogeneous polynomial of deg f =d in E . The order of
weak Lefschetz property for f, which is denoted by ord,, f, is defined as follows:

ordy,, /=0 ifandonlyif 4=A(f) doesnothave the W.L.P.

1<ordy,,f =c<d ifandonlyif A=A(f) hasthe WLP. oforder ¢ and does not has the W.L.P. of order c¢+1.

ordy,,f = ifandonlyif A= A(f) has the S.L.P.

Research Reports of NIT, Kumamoto College. Vol.11 (2019)
— 68—



As a corollary of Theorem 6.5, we have the following result.

}, where we assume ﬂ(A/)lzﬂ,(hf) =0 and
7= —/

7. Criterion for the [i]-weak Lefschetz property and the weak Lefschetz level
First we recall the definition of [i]-weak Lefschetz property in Ref.(5).

Notation 7.1 Let 1<d be a positive integer and A be a standard graded Artinian algebra.

m(d,i)::{%J if ieZ,,, m(di)=ow if ieZ, and 4,:=0.

Definition 7.2. Let A4 :A( f ) be a standard graded Gorenstein Artinian algebra with d =deg f and let i€ Z . We say

that 4 has the ‘[i]-weak Lefschetz property’ if there exists a nonzero linear form L e K[X], such that the K -linear map

XLt A,y = Ay, 18 injective, where xL':=0 if ieZ,.

Remark 7.3. If xI : Apiay (f)— A, (f) isinjective then xL': A (/)= 4%, . (f) issurjective.

d,i)+i m(d.i)+i

By the symmetry of standard graded Gorenstein Artinian algebra, xL': A den d’i)( f )—>A .y i)+i)( f ) is surjective. Hence
xI': A den d’iw( f ) — A - (n(a@.ipri)ep ( f ) is surjective for all nonnegative integer p €Z,,. Again by the symmetry, we can see
is

that xL': Aany (f)—> A iyiyp (f) is injective for all nonnegative integer peZ,, ie, xL P Aean ™ A

injective.

Proposition 7.4. Let fe€E be a nonzero homogeneous polynomial of deg f =d . Then the following conditions are

equivalent:

(1) A= A(f) has the [i]-weak Lefschetz property.
@ r(im(d,i))=h,(m(d.i)). ) r,(i.j)=h,(j) forall j<m(d.i).
Proof. The equivalence (1) through (3) follows from Definition 7.2 and Remark 7.3. [

Proposition 7.5. Let f e E be a nonzero homogeneous polynomial of degree d =2m even. Then the following conditions

are equivalent:

1) A= A( /) has the [2i]-weak Lefschetz property.

) xI*: A(f)m(d’y) - A(f)m(“l_)w is injective for some L€ K[X],.

(3) det(Hess 54’"1(d’2i)’21‘ "'(d’Zi))) = det(Hess (/'."_i’ '"_i)) #0 .

In this case, automatically xL*": A(f)m(d,zi-l) - A(f)m(d,Zi—1)+2i—l is injective, ie., A= A(f) has the [2i—1] -weak

Lefschetz property.

Proof. The equivalence (1) through (3) is clear by Definition 7.2 and Corollary 5.8. [
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As a corollary of Proposition 7.5, we have the following result.

Corollary 7.6. Let feE be a nonzero homogeneous polynomial of degree d =2m. Then the following conditions are

equivalent:

(1) 4= A(f) has the weak Lefschetz property of order 2i .

) det(Hess(/’”’f"”’”);eo forall j<i.

Proposition 7.7. Let f € E be a nonzero homogeneous polynomial of degree d =2m+1 odd.

Then the following conditions are equivalent:

(1) A= A(f) has the [2i+1]-weak Lefschetz property.

) xI*™: A(f)m(d,2i+l) - A(f)m(d,2i+l)+2i+l is injective for some L e K[X],.

3) det(Hess F/dfnz(d,21+l)—(21+l), m(d,ZHl))) _ det(HeSS(fm_i’ m—i)) 40

In this case, automatically xL*: A(f)m(d’zl_) - A(f)m(d’zl_)w is injective, ie, A= A(f) has the [2i] -weak Lefschetz
property.

Proof. The equivalence (1) through (3) is clear by Definition 7.2 and Corollary 5.8. [

As a corollary of Proposition 7.7, we have the following result.

Corollary 7.8. Let f € E be anonzero homogeneous polynomial of degree d =2m+1.

Then the following conditions are equivalent:

(1) 4= A(f) has the weak Lefschetz property of order 2i+1.

) det(HessF;"‘f""‘”);to forall j<i.

Definition 7.9. Let f e E be a nonzero homogeneous polynomial of degree d . We say that A=A( f ) has the weak

Lefschetz property of level ¢ if and only ifdet(Hess (fmfj’ mi")) #0 forall j<c where m=m(d,0)= {%J .

Lemma 7.10. Let f e E beanonzero homogeneous polynomial of degree d .

Then the following conditions are equivalent:

(1) A= A(f) has the weak Lefschetz property of level c.
2) A= A(f) has the weak Lefschetz property of order 2c+1 if d is odd

and A= A(f) has the weak Lefschetz property of order 2c¢ if d is even.

Proof. The equivalence (1) through (2) is clear by Definition 7.2 and Corollary 5.8. [J

d
Definition 7.11. Let f e E be anonzero homogeneous polynomial of degree d and let m = m(d ,0) = {EJ .

The level of weak Lefschetz property for f, which is denoted by [y, ( f ) , is defined as follows:
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If det(Hess&"l‘"’))io,then Lo ()= max{c‘det(Hess(;."_f’m'”)¢0 forall 0<j<c-1 }

If det(Hess (f"""’)) =0, then [y, (f)=0.

d
Lemma 7.12. Let f e E beanonzero homogeneous polynomial of degree d and let m = m(d,O) = LEJ . Then the following

conditions are equivalent:
(1) A= A(f) has the weak Lefschetz property of order d ,ie., A= A(f) has the strong Lefschetz property.

@) Ly (f)=m=m(d,0).

Proof. The conditoin (2) eqivalently saying that det(Hess_(;." 7"""7"))7&0 forall 0<j<m-1. But always we have

det(Hess (;.J’ O)) = det( f ) #0 since f #0.Hence (2) implies (1). The inverse implication is clear. []
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