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In this article, we introduce the notaion of the high order weak Lefschetz properties and study those properties for trivial
extensions of standard graded Artinian Gorenstein algebras.
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1. Introduction

The Lefschetz properties of Artinian graded algebras have been studied by many authors see Ref.(1), Ref.(2), Ref.(3), Ref.(4).

In this article, we introduce the high order weak Lefschetz property to study the strong Lefschetz properties for graded Artinian
Gorenstein algebras. The high order weak Lefschetz property of a standard graded Artinian algebra is, roughly speaking, defined
by the weak Lefschetz property of its, in a sense, ‘high order derived’ algebras. So, algebras have the strong Lefschetz property if
they have enough high order weak Lefschetz properties. Our main results are Theorem 5.7 and Theorem 5.11.

First two sections are reviews of the Macaulay’s invers system and related results. In section 2, we review the Macaulay’s invers
system of a standard graded Artinian algebra, which is our main tool for describing Artinian algebras. In section 3, we review the
results for Macaulay’s generator of a tensor product of two standard graded Artinian Gorenstein algebras. In section 4, we
introduce the high order weak Lefschetz property and give some criteria. In section 5, we discuss the weak Lefschetz properties
for trivial extensions of standard graded Artinian Gorenstein algebras.

2. Macaulay’s invers system of a standard graded Artinian algebra
Let K be a field of characteristic 0, K[X]:K[X],-~-,Xn] be a polynomial ring in 7 variables and K[K] acts on

another polynomial ring in »n variables E=F (z) =K [1] =K [x],~--,x"] as differential operators defied by
X =— (i = 1,-~-,n) .Since K is a field of characteristic 0, E(g) is isomorphic to the injective envelop of the residue field
of K[K] in the category of graded K[K] modules. Similarly let K[Q] = K[UI;--,U,] be a polynomial ring in 7 variables
and act on another polynomial ring in r variables FE (g ) =K [g] =K [ul,---,u,] as differential operators defied by

Uw=— (i=l-r). E(xu)=E(x)®E(u)=K|[x,u] inherits the natural K[X,U] module structure.

K

xX,u

For any standard graded K algebra of finite type A=K[4]= @4, with graded maximal ideal m,:=@4;, we denote

i€y >0
by GrMod(A) the category of graded A4 modules with degree preserving morphisms. Let [i]:GrMod(A)—)GrMod(A)

(i€Z) be the usual i -shift functor (i.e. M[i]j =M,  for i,jeZ, MeGrMod(A) ). If A is a standard graded

i+j

Cohen-Macaulay K algebra, then we denote by K, the graded canonical module of 4.
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High order weak Lefschetz properties

Definition 2.1. (see A3.4, Ex. A3.5, p.625 in Ref.(5)) Let M be a graded 4 module whose homogeneous components are all

finite dimensional, we define the ‘graded K -dual’ of M as follows:

M :=hom, (M ,K)=@Hom, (M_.K).

i€l

Notation 2.2.  We denote:
N:I={eM|EIcNH(c M)
for Nc M ainclusion of graded A modules and [ asubsetof A.Similarly we denote:

ann, (W) =0: W :={& e A|gW =0}(c 4)

for asubset W ofagraded 4 module M .

The following well known theorem gives us the Macaulay’s invers system which is our main tool.
For the proof, see Ref.(4), Ref.(6) or Ref.(7).

Theorem 2.3. (Macaulay’s invers system) If A is a standard graded K algebra of embedding dimension less than or equal
to n, then there exists a graded K[K] submodule M c E such that A=R/I where I:=0K[:X]M and A" =M ,

especially, K[i]v =FE .  Moreover the following hold:
(1) M is isomorphic to the graded injective envelop of the residue field of A and M /m M = (OimA) .
(2) M is a non-zero finitely generated K[l] module if and only if A is Artinian. In this case, M =K ,.

d
(3) If A=@A, is a standard graded Gorenstein Artinian algebra with A, #0, then A" =M is a single generated graded

i=0

K[K] submodule and there exists a homogeneous polynomial [ in E of degree d such that M=K[£]~f.
Especially, A'[-d]=A.

d
Definition 2.4. If A=PA4,d is a standard graded Gorenstein Artinian algebra with 4, # 0, then we say that ‘socle degree’ of
i=0

Ais d.

Notation 2.5. Let f = { fj} . be a set of nonzero homogeneous polynomials in £ .
JE

We denote: AV(]_”):AZM](]”)::ZK[K]/’]gE;

1(£) =L (£)=0,3,47(£)= 0,5, £ = Nann,gy ()

K[X] = je

A(f)= Ay (1) =K[X]/ 1(1) = K[X]) Nanngy (1)

jeJ

Remark 2.6. We remark the following:
(1) Let A be astandard graded K algebra. If 4= A( i ) with fC E aset of nonzero homogeneous polynomials in £,

then we call f a ‘Macaulay’s invers system’ of A.
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(2) Let 1 be a finite set of nonzero homogeneous polynomials in E , then A( J_’ ) is an Artinian algebra with
emb.dim 4 <emb.dimK[X]=n and A(f) =4°(f) .
(3)Let f beanonzero homogeneous polynomials of degree deg f =d in E ,then A(f)-f=A(f)[d]. This means that

E=@FE_, asa graded K[X] module, where E , = {f € E|degf = i} the vector space of degree i polynomials in FE

e
for each integer i>0.
) If 4°(f)=K[X]- f24"(f')=K[X]- /" where f and f’ are nonzero homogeneous polynomials in E , then
[(f)< (/") sowe have
A(1)=K[X])-S=A(1)-f and A(f)=K[X]-f'=A(1)-f = 4(f)- 1"
) Af(8) Aoy (B)s Ly (€)s Ty (B) Agy () and Agy y(h) are similarly defined for two sets of nonzero

homogeneous polynomials g < E(g) and hc E(E, g) .

Notation 2.7. Let A be a standard graded K algebra. Given a nonzero homogeneous element & € A and a graded A
module M , we denote the « multiplication map on M by xa =xa|, :M — M[dega] where xa(f) =q-& for £eM.

Also we denote by (xa|M ) M, > M (i€Z) the i -th graded component of xa|M .

i+dega

Notation 2.8. Let J_’ = {fl,,f,} be a set of nonzero homogeneous polynomialsin £ and L e K[X],. We denote

1f = (L L)

Lemma 2.9. Let £= {fl,,fr} be a set of nonzero homogeneous polynomials in E and L be a nonzero linear form in
K[X]. Then the following hold:

() L-A"(f)=4"(Lf).

@) A(Lf)= A(J_")/ [OAML] '

(3) dim, Ker(xL|A(D) =dim, A( Z) - dimA(g) )

Proof. (1): From the definition of 4" (/) we have L-AV(i)zL-iK[g]fi:iK[g]Lﬁ=AV(L1).

i=1 i=1

(2) : Since I(Ll)zoK[:K]L-iz(oK: f)K[:K]L:I(i)K[:X]L and A(j_‘)zK[i]/](j_’),WegetQ).

(x] =

(3): Since Ker(xL|A(‘ f>) = ()A(:/‘)L , we get (3) form the following exact sequence:
: L A A : Li=A(L .
005 L a(g) > a(z)f [0 1]=alir) 0. 0
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High order weak Lefschetz properties

3. Tensor product of two standard graded Artinian Gorenstein algebras and its Macaulay’s generator

In this section, we review the result for Macaulay’s generator of a tensor product of two standard graded Artinian Gorenstein
algebras.

Lemma 3.1. Let f,,---, f. € K[x] and g,,---,g, € K[u] be linearly independent elements over K .

Then {figj} is a set of linearly independent rs elementsin K[x,u].

I<i<r,1<j<s

Proof. It is enough to show that dim, W =rs, where W = z Krg; .

Using the natural isomorphism @ : K[g](;)l([g]—)]([g, u], we have

/@ 2 e

rs =dim, (V, ®V,)=dim, W

where V;:= Y Kf,, V,==Y Kg, and W=0(V,®V,). O

1<i<r, 1</<s

Since  K[X, Uy, (f)-t—K[X,Q]IKM (g) < Iy (fg) , we have the following commutative diagram:

o AK[&](f)C?AK[gJ(g) - Ay (f8)
| O |

K[X.U] . K[LQ/
K[K:Q]Ik[g] (f) +K[£’Q]IK[U] (g) IK[LQ] (f : g)

for nonzero homogeneous polynomials f € E (5) and geE (g ) .

The following Lemma is well known but we give a proof for the convenience of the reader.

Lemma3.2. 7 : AK[X](f)(I?AK[U](g) - AK[XAVU](f-g) is an isomorphism.

Proof. Since 7z is surjective, it is enough to show that
dim, Aeix o (f : g) =dim, Agrn (f)'dimk Ao (g) :

We can express A;[X](f) and A;[U](g) as follows:

Afa(f)= iKa,,f < K[x] with @, € K[X](i=0,r=dim 4, (f));

i=l

AL0)(€) =Y. KBg cKlu]l with € K[U](j=0,+5:=dim, A, (g)).
j=0

Then we get A;[X’U](fg)=K[X,U](f-g): Z K(a,.f)-(ﬂjg)eK[x,u].

0<i<deg f*
0<j<degg

Since a,f, o, feK[x] and pg,--,f.geK[u] are linearly independent elements over K , we have

dimy Ay (/- g)=dimy Ay, (f)-dimg 4, (g) by lemma3.1. O
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Definition 3.3. Let M e GrMod(A) be an graded A4 module whose homogeneous components are all finite dimensional.

(1) We define the Hilbert function h,, :Z—>Z,, of M by h,(i)=dim,M, for i€Z.

) H, (¢):=>h, (i)' €Z[t] is called the Hilbert series of M .

i€l

d
Moreover if we assume M = P M, then
i=0

(3) The maximal value of Hilbert function Max(hM) is called the Spernar number of M .

(4) We call A, isunimodal if hM(O)SmShM(p)2~--2hM(d) forsome 0<p<d.

Notation 3.4.  Let i'g E()_c) , 8¢ E(g) and hc E(g, g) be subsets of nonzero homogeneous polynomials. We denote:
— pKIX) — KU . _ pKIXUI._ .
h/j_h/j _hA(/j)’ hg—hg .—hA(g) and h, =h, .—hA(ﬁ),
— KX . _ gkl ._ — KIXUT
Hi_Hl .—HA(/:), Hg—Hg .—HA(g) and H,=H, '_HA(E)'

As a corollary of Lemma 3.2, we have the following results.

Corollary 3.5. Let f € E(E) and ge E(g) be nonzero homogeneous polynomials. Then the following hold:

UL ()= () 1)

Corollary 3.6. hy [ (i)=h™ (i) + A" (i-1) forall ieZ.
Proof. Since Ay, (u)= K[U]/(Uz) , we have Hf) (t) =1+¢. Hence by Corollary. 3.5, we have

HELEU) (1) = B9 (1) HEY) (1) = HEO (1) (14 1) = HE9) (1) -2-HE9) (1) . This implies the assertion . [J
Notation 3.7. Let h,h,:Z —7Z, be a function. We define A *h,:Z —7Z,, J{o} the convolution of A and 5, as

follows: A *h,(m):= z h(i)h,(j) for meZ.
i+j=m
i,jel

Corollary 3.8. Let f € E(g) and g€ E(J_/) be nonzero homogeneous polynomials. Then the following hold:
K[X,)Y] _ 1, K[X] K[Y]
hf~g - h/ * hg '

4. The high order weak Lefschetz property for standard graded Artinian algebras

First we recall the definition of the weak Lefschetz property (WLP) and the strong Lefschetz property (SLP) of a standard
graded Artinian K algebra.

Definition 4.1. Let A be a standard graded K algebra. Given a nonzero homogeneous element & € A and a graded A

module M whose components are all finite dimensional, we say that xa| :M — M[dega] has the ‘maximal rank’ property if

(ie€Z) has maximal rank, i.e. dimK(xa|M(M[)):max{dimKM[,dimKM

i+dega i+dega}

each component (xa|M ); M, —> M

forall ieZ.
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High order weak Lefschetz properties

Definition 4.2. Let 4 be a standard graded Artinian K algebra. We say that A4 has the ‘weak Lefschetz property’ (WLP) if

there exists a nonzero linear form z € 4, suchthat xz| :4— A[l] has the maximal rank property. In this case, we say that A4
has WLP with respect to z. Moreover if A is a homomorphic image of a polynomial ring K[X], i.e., A=K[X]/I,then A
is a graded K[X]-module. If LeK[X], is a preimage of ze 4,, then we also say that 4 has WLP with respect to
L eK[X], .Similarly we say that 4 has the ‘strong Lefschetz property’ (SLP) if there exists a nonzero linear form z e 4,
such that xz’ |A :A— A[i] has the maximal rank property for all positive integer i€ Z., . In this case, we say that A4 has SLP

with respectto z or LeK[X],if A=K[X]/I and LeK[X], isapreimageof ze 4,.

Any standard graded Gorenstein Artinian algebra with its socle degree d has the property that 4"[-d]= A4, see Theorem 2.3

(3). This symmetry leads the remarkable properties for the rank of each graded component of the K -linear map ><z|A (zed).

Lemma. 4.3. Let A be a standard graded Gorenstein Artinian algebra with its socle degree d and 0#ze A . Then the

following hold:
(1) Let i,j betwo integers with i+ j=d. Then rank(leA) = rank(xz|A)

i i’
Especially (leA ) is injective (vesp. surjective) if and only if (XZlA)  is surjective (resp. injective).
i J
Q1 (leA )j is surjective for some integer j , then (XZlA )I_ is surjective for all i2> j .

€y (leA )j is injective for some integer j , then (XZlA )l_ is injective for all i< j.

Proof. (1) Since A"[-d]= A, we have the following commutative diagrams:

xz], (XZ‘4),

4 > 4, > 4,
l l and Il O I for ieZ.
x| v (XZ‘AV ),—,1
AT-d]l - A[-d+1] () 57 ()
i—d i—d+1
Here we remark that (xz » )‘_1 = ((xz|A )d__ )V . From the above diagrams we have

rank(xz|A ) = rank(xz

i

P )i_d = rank((xzh )d—i)v = rank(xz|A ),1-1' .

(2) Since (XZ|A )j is surjective, we have z-4, =4, = (mA)l A4;.1f i2j,then

z 4= z~(mA)H 4,= (mA)H '(Z'Aj) = (mA)H (my) A4y =4y
This implies (><2|A ) is surjective.

3 It (XZlA )j is injective, then by (1), (xz|A) is surjective. Hence by (2), (XZlA) is surjective forall i< ;.

d—j d—i

Again applying (1), we have (XZlA) is injective forall i< j. [J

i

We gather the criteria for WLP of standard graded Artinian Gorenstein algebras in the following lemma.
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Notation 4.4. Given a rational number ¢ , we denote by qu the round down of ¢, i.e. |_qJ = max{i € Zli < q} .

-1
Lemma 4.5. Let [ be a nonzero homogeneous polynomial of deg f=d in E and m:= LdTJ Then the following

conditions are equivalent:

(1) A(f) has the WLP with respect to L € K[X],;
) dimKA(f)—dimKA(Lf):math(f)
(3) The K linear map ><L:A(f)[_—)A(f)[_+l is injective for i<m.

(4) The K linear map XL:A({ ')l_ —)A(f)l_ is surjective for i>m+1.

+1

f
(5) The K linear map xL: A(f)m - A(f)m+1 is injective.

(6) gy (m) =y (m).

(D by (0)=hy, Q) for ism and  h,,(i+1)=h,, (i) for izm+1.
(®) By (1) =hy (i) for ism.

©) A(f). = ( f)., for i<m.

(10) A°(f), =A"(Lf)_, for i<m.

Proof. It is easy to see that dim, Ker(xL|A) =dim, A(f)—dimK A(Lf) > max hA(/) and the equality holds if and only if A

has the unimodal Hilbert function and ><L|/1 has the maximal rank property. But the maximal rank property of x| forces the

unimodal property of the Hilbert function of A. This implies that (1) is equivalent to (2). The other equivalences are easily
checked by using Lemma 4.3 and Lemma 2.9 (3). [

Definition 4.6. Let A4 be a standard graded Artinian algebra. We say that 4 has the ‘weak Lefschetz property of order c¢2>1’
if there exists a nonzero linear form z e 4, such that for each i=1,---,c, A/(O/:lzi") (i=1,--+,c) has the weak Lefschetz

property with respectto z € A, . In this case, we call z € A, a ‘weak Lefschetz element of order ¢ .

Notation 4.7. Let 1<d be apositive integerand 4 be a standard graded Artinian algebra.

m(d,i)::t%J if ieZ,, m(d,i)=c0 if ieZ, and A,=0.

Definition 4.8. Let A be a standard graded Gorenstein Artinian algebra with its socle degree d and let ieZ . We say
that 4 has the °[i]-weak Lefschetz property’ if there exists a nonzero linear form ze A, such that the K linear map
xz' 1 A

w(di) > Am( iy is injective, where xz':=0 if ieZ_, . Moreover if A has the [i]-weak Lefschetz property for each

ieA,where A beasubsetof Z,then we saythat A hasthe © A -weak Lefschetz property’.

Remark 4.9. If i>d+1, then XZi:Am(d,i)zo_)Am(d,i . injective since m(d,i)<0 and A4 has automatically the

)+i

[i]-weak Lefschetz property. If i <0, then we have xz' :Am( )= A, =0—> Am(a',i)+i =4,=0 and also A4 has automatically
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High order weak Lefschetz properties

the [i] -weak Lefschetz property. If i=0, then we have sz:I:Am(d)O)—>A(

,(4.0) the identity map. Hence A4 has

automatically the Z_, UZ,,,, -weak Lefschetz property.

Lemma 4.10. Let [ be a nonzero homogeneous polynomial of deg f =d in E . Then the following conditions are
equivalent:

(1) A(f) has the WLP of order c¢>1 withrespectto L e K[X],.

(2) xL: A(L[flf)m(d’i) - A(LHf) i is injective for each i=1,---,c.

mi

(8) xL: A(L[Jf)gm(d,i) - A(L[Jf)gm(d,,')ﬂ is injective for each i=1,---,c.
@ ko =h oreach i=1,---,c.

A7) ena) A(Lr) () Je
(5) hA(‘/.) ) = hA(L,f) e foreach i=1,+,c.

(6) hA(f)(m(d,i))=hA(L,f)(m(d,i)) foreach i=1,-,c.
(7) xLi:A(f)gm(d‘,) %A(f)Sm(d’l_)H_ is injective for each i=1,---,c.

(8) xIL: A(f)m(d P A(f)m(d i is injective for each i=1,---,c.

Proof. We remark that m(d,1)>m(d,2)>--->m(d,c) and hA(f)(j)ZhA(Lf)(j)Z---ZhA(L,,lf)(j)ZhA(L,f)(j) for jeZ.

These equivalences directly follow from Lemma 4.5. [J

Remark 4.11. If d=2m, then dimKA(f) :dimKA(f)mﬂ_ for j=0,---,m since A(f) is a standard graded

m—j

Gorenstein algebra. Especially dim,, A(f)m(d,z,-) =dim, A(f)m(d,Z/')+2j and m(d,Zj) = m(d,2j—1) for j=1,--,m.

Similarly if d =2m+1, then dim, A(f),  =dim, A(f) for j=0,--,m.

m+j+1

Especially dimKA(f)m(d,zm):dimkA(f)m(d,zb/_ﬂ)ﬂjﬂ and m(d,2j+1)=m(d,2j) for j=0,-,m.

Lemma 4.12. Let [ be a nonzero homogeneous polynomial of deg f'=d in. Then the following conditions are equivalent:
(1) A(f) has the S.L.P.
2) A( )has the W.L.P. of order d .

A
3) A(j) has the W.L.P. of order i foreach ie€Z,,

Proof. ()= (2) : If d=2m . then xI:A(f), . =A(f) 4z = A(S)uzy, i an isomorophism for  each

m(d,ijl)
j=1,---,m.Hence xI*/"' :A(f)m(ll 2y ™ A(f)m(d 212 is injective for each j=1,---,m . It can be shown in a similar way
- . _ 2j. _ S
when d=2m+1. 2)=1): If d=2m, then xL” 'A(-f)m(d,zl'—l) = A(f)m(d,z,/) - A(f)m(d,zmzj is injective, hence an

isomorphism for each j =1,---,m . This implies A(f) has the S.L.P. in the narrow sense. (3) = (2):This is clear. (2)= (3):

This follows by Remark 4.9. This complete the proof. []
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5. The high order WLP’s for trivial extensions of standard graded Artinian Gorenstein algebras

Our main results are Theorem 5.7 and Theorem 5.11. Before going into that, we need some preparations.

Notation 5.1. Let j,r be non-negative integers. We denote the binomial coefficient by ,C; =
LCo=0 i0f j>r.

m for OSJSI" and

Definition 5.2. Let i,e be positive integers. We define M e’;p
coefficients as follows:

the square matrix of size e+1 with entries binomial

th iCp—] iC2pfe
i i~ p+l
Mey=| " o, |(0spEeizp)
C. c

We need the following fact that M e’ , is anon-singular matrix. A proof of this result can be found in [8].

Lemma 5.3. (see Lemma 6.6 in Ref.(8)) Let i,e be positive integers. det(M;p );t 0 for 0<p<e,izp.

Lemma 5.4. Let f° be a nonzero homogeneous polynomial of deg f=d in E, A=A, (f) Bi= Ay (fu‘)
LeK[X], and e,i2>]positive integers. Then the following hold:

(1) B= A@K[U]/(U”l):A@AU@W@AE.

(2) There exists the following commutative diagram:

B X(:U) B[1]
l O I
ABA-1]®-® A[-¢] —  A[]®AO]®-® A[—e+1]
xL 0 &
1, xL[-1] &
,where  ®(&):= 1,0-17 - D for EeA®A-11®- @ A-e].
0 1,[-e+1] xL[-e])\ &
xI! | | 0 £
x(,¢-L™")  xL[-1] £
(3)M(§)=q>"(§)= <(,C, L) x(,G- L)1 x [[-2] :
1(,C, L) o x(,C L) met2] x(,C L7 imet 1] xL[-e] |\
Jor e ADA[-1]D---® A[—e], where =1 and L’:=0 for jeZ,.

J=0

(4)Ker®'  Ker(xL') ®Ker(xL™[~1]) @ ® Ker(xL[e]) = é_)Ker(xL"*f [-/1).
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(5) Ker®' e € Ker (<L )@ Ker(xL™""[~1])@--- @ Ker (<L [-e+ p]) = %—SKer(xE*j'”[— J) for p=01,e

J=0

where we denote Ker(I)i|( ) ::KerCDiﬁ(A@A[—l]@---(—BA[—j]®0®~--®0) for j=0,1,---e
<J
(6)If 1<i<e, then Ker<pf|(< e
N If Ker(xL’”*zf’[—(e—p)])_:0 forall p=0,1,---,e, then (Kerqnf);o.
J J
8)If 1<i<e, then Ker(xL"*"*zf’[—(e—p)])_zo forall p=0,1,---,i—1, then (Kercp")_:o.
J J

) If Ker(xL™[~(e- p)])/_ZO forall p=0,1,--,min{e,i}, then (Kercpf)jzo.

Proof. (1) follows from Lemma 3.2. (2) follows from the equation (L+U ) § /= (éj_l + LS, )ﬁ . (3) follows from
Jj=0 Jj=0
xL 0 0 0
xL[-1 1, 0
the equation (M+N Z CM’N' /' where M = =1 . S N=|
j =() ° . . .
0 xL[—e] 0 1,[-e+1] O

@:1f &= t(§0,~~~,cfe) eKer®', where we denote the transpose of the row vector (fo,m,fe) by t(fo,m,fe) , then we have
Zr q-r Li?qﬂ‘érzo for all qzoala"'ae and Lq ZI q-r Ll”é Zl q-r Li+'.§r+Li+q§q:0'
Since ( 7(0) :)L"é0 =0, we get inductively L& =L"E =---=L"¢ =0 from the above equation. This implies (4).

(5): For given p(=0,--,e),if &= t(§0,~~~,§e)e(Ker©i)_

J

c (Kerd) ) then we have y(g Zl . CLTE =0

(Se 11)
. er .
and L7y Zz o LT :ZICW LTPE =0 forall g=p,--e.
r=0

Hence if we put Q::t(Li'f’g“o,Li*“Fgl,...’L"*P‘Zl’g()_p) , then Mé,pgzI(Loy(p),..-,[,"‘”;/(p)):o_ Since M’ is

e,p

nonsingular matrix by the Lemma 5.3, we have 7 = t(L"’f’fo,LM*pfp JLTE ) 0. This implies (5).

e—p

©):1f £="(&, &) e(Kerd')

)gKer(D , then ;/ Zz e Li*""’g“r:O forall ¢ =i, --,e. Hence we have

<e—i
e-l1 e—i—1

Z! e-r LH' e§ z i e-r L”*’*"; = ée—i = 0’ e 1 = ZICE—]—)' .L’I+" e+] Z ie=l-r LHrieilgr = ée—i—] = 0 ER
=0

r=e—i r r=e—i-1

i+l

p(i+1)=Y Coy LG = Z, L =6 =0, y(i)=2,c,, 3 Z,Cl, L&, =& =0. This implies (6).

r=0

(7): Using (4) and (5) repeatedly, we see that Ker(xL’“[—e])j =0 implies that
(Kerqaf)j c Ker® "|(SH) < Ker(xL™ ) @ Ker (xL[~1]) @+ @ Ker (xL™* [~ +1]) ®0 .
So Ker(xL™*[-e+ 1]), =0 implies that
(Kero’ ),- c Kercpf|(£H) < Ker(xL'? )@ Ker(xL™[~1])®--- @ Ker(xL™ *[~e+1])®0@0 and so on.

Finally we get (Ker(Di)j c Ker®i|(0) c Ker(xL"’e) and (Ker(l)‘)/_ c Ker(xL"’e)/_ =0.
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(8): By the assumption Ker(xL”Hp[—(e— p)])v =0 for all p=0,l,---,i—1, we see that (Ker(Di) c Kerd’ o in the
J J <e—i
similar manner as (7). On the other hand, Ker® ’|(< " =0 by (6). This complete the proof of (8).
(9): This follows from (7) and (8), since min{e,i} >min{e,i —1} .0
, . d+e—i 2(e-p)| |d—e—i+2p ,
Remark 5.5. If i+e—2p >0, then m(d+e,l)—(e—p): > - 2 = 2 =m(d,l+e—2p).
Proposition 5.6. Let I be a positive integer. If A= A(f) has A(i,e) -W.L.P. with respect to LeK[X] , where

A(i,e)z{i+e—2p p=0,1,'--,e},lhen B:AK[LU](fu“) has [i]-W.L.P. with respect to L+U € K[X,U],.

Proof. First we remark that i+e—2p>0 forall p= O,l,~--,min{e,i} . Applying Lemma 5.4 (9) by putting j = m(d +e,i),

we have Ker(xL’”’z”[—(e—p)]) = Ker(xL”H”) = Ker(xL’”’z”) =0 for all p=0,1,--,min{e,i}

m(d+e,i) m(d+e,i)-(e-p m(d i+e-2p)

by Remark 5.5 and our assumptions. This implies Ker(x(L +U )i :Bm( dred) ™ Bm(dw’i)ﬂ) =0. This complete the proof. []

Theorem 5.7. Let e,c be positive integers. If A=A(f) has the W.L.P. of order e+c with respect to LeK[X],, then

1’

B= Ay (fu") has the W.L.P. of order ¢ with respectto L+U e K[X,U],.
Proof. This follows from Proposition 5.6, since A(i,e) = {i +e—2p| p=0,1,-- ~,e} c(-w,e+c]forall i=1---,c. U

Corollary 5.8. If A= A(f) has the S.L.P. with respect to L e K[X],, then B= AK[LU](fu") has the S.L.P. with respect to

L+U eK[X,U],.

Definition 5.9. Let f be a nonzero homogeneous polynomial of deg f =d in E . The order of weak Lefschetz property for
f . which is denoted by ord, , /', is defined as follows:

ordy,,f =0 ifandonlyif A= A(f) does not have the W.L.P.

1<ordy,,f =c<d ifandonlyif A= A(f) has the W.L.P. of order ¢ and does not has the W.L.P. of order c+1.

ordy,,f = ifandonlyif A=A(f) hastheS.L.P.
Using this terminology, Theorem 5.7 can be interpreted as follows.

Corollary 5.10. ord,,f —e<ord,, fi‘.

Especially if A= A(f) has the S.L.P, then also AK[LU](fue) has the S.L.P.

Theorem 5.11. If e>d=>1, then BzAk[LU](fue) has automatically the W.L.P. of order e—d+1 with respect to

L+U eK[X,U], forany LeK[X],.
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Proof. For any i<e—d+1, we have i<e and i+e—2p2i+e—2(i—1):e—i+2>e—i+12d for p=0,---,i—1. So we

have Ker(xL’”’z” 0= Ativenp) = Am(d,i+@72p)+i+e72p) =0 for p=0,-,i—1 . Applying Lemma 54 (8) by putting

j=m(d+e,i) , we have Ker(xL’”’zP[—(e—p)]) = Ker(xL’“’z") = Ker(xL’”’Zp) =0 for all

m(11+(4,i) m(d,i+e—2p)

m(d+e.i)-(e-p)

d+e,i d+e,i

p=0,1,---,i—1 and all i<e—d+1, here we use Remark 5.5. This implies Ker(x(L+U)i 1B,y = By )+,~>:0 for all

i<e—d+1.Weare done. [J

Corollary 5.12. If e>d>1 where d=degf, then ordy,,fu°>e—d+121.
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