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Category of graded modules and Macaulay’s inverse system

Satoru Isogawa*

In this article, we establish the fundamentals of Macaulay’s inverse system by using inner homomorphism of the
category of graded modules. As an application, we prove the theorem concerning failure of the weak Lefschetz property for
trivial extensions of standard graded Artinian level algebras.
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1. Introduction

Macaulay’s inverse system appears in many articles, especially related to the Lefschetz properties of Artinian graded algebras,
see Ref.(1), Ref.(2), Ref.(3), Ref.(4) and powerful tool for representing Artinian algebras. In fact, any Gorenstein Artinian algebra
can be represented by a single element called the Macaulay’s inverse generator.

In spite of this, it is scarcely seen the systematic treatment of the fundamentals of Macaulay’s inverse system. In this article, we
try to do the systematic treatment of the fundamentals of Macaulay’s inverse system in case of standard graded Artinian algebras
by using inner homomorphism of the category of graded modules. As an application, we prove the theorem concerning failure of
the weak Lefschetz property for trivial extensions of standard graded Artinian level algebras, see Theorem 4.24.

In section 1, we establish the fundamentals of Macaulay’s inverse system in the category of graded modules. Key results in this
section are as follows:

(1) Lemma 2.3, the isomorphism M " =hom, M,Av) in GrMod(A), a typical of the change-of-rings isomorphism

(}rMod(A)(
formula, see A3.13, Ex. A3.50 ¢, p.677 in Ref.(5).
(2) Lemma 3.4, the isomorphism E =R" in ngod(R) .

(3) Lemma4.8 (2), <0 <0 : N>> =N for NoM in ngod(A) , the double annihilator theorem, see Theorem 1.3 in
W

Ref. (6).

(4) Corollary 2.10 (2), dim, M"/m M~ =dim, (0 : mA) for M e GrMod(4).

As aresult, any standard graded Artinian algebra admit a Macaulay’s inverse system, i.e., any standard graded Artinian algebra can
be represented by a Macaulay’s inverse system and if the algebra is Gorenstein, then it can be represented by a single element, see
Theorem 2.12 and Corollary 2.13. But all results in this section are well known.

In section 3, we recall the result for Macaulay’s generator of trivial extensions of standard graded Artinian algebras, see
Theorem 4.5. This is also well known but we prove this for the convenience of the reader.

In section 4, we prove the theorem concerning failure of the weak Lefschetz property for trivial extensions of standard graded
Artinian level algebras, see Theorem 4.3. This theorem says that even if the level algebra has the strong Lefschetz property, the
trivial extension of this algebra may not have the weak Lefschetz property as far as the socle type of this algebra is greater enough
than the socle degree and codimension. We remark that similar, but at least approach is quite different, result found in Ref.(6).

2. Graded dual and Macaulay’s inverse system

Let K be a field of characteristic 0, R = R(n) = K[X1,~ . -,Xn] be a polynomial ring in 7 variables and R acts on another
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polynomial ring in n variables E = E(n) = K[xl,- . ~,xn] as differential operators defied by X, := i (i =1 -,n). Since K
X,

i

is a field of characteristic 0, E 1is isomorphic to the injective envelop of the residue field of R in the category of graded R
modules.

For any standard graded K algebra of finite type 4=K[4,]= @4, with graded maximal ideal m,:=@4,, we denote

i€y i>0
by GrMod(A) the category of graded A4 modules with degree preserving morphisms. Let [i]:GrMod(A)—)GrMod(A)

(i€ Z) be the usual 1 -shift functor, i.c., M[i]j =M, for i,jeZ, Me GrMod(A) .

+J

Definition 2.1.  Given any pair of graded A modules M and N, we define ‘inner hom set’ from M to N as follows:

hom M,N) = hom,, (M,N) = @HOmGrMod(A) (M [_i]’N) :

i€l

GrMod(4) (

Especially, since K itself can be seen as a standard graded K algebra concentrated in degree 0, and any graded 4

module M isalsoagraded K module, we denote:

M =hom,, (M,K)=@Homg,, (M [-i].K) = @Hom, (M_.K)

i€l i€l
and call M" agraded K -dual of M ,see A3.4, Ex. A3.5, p.625 in Ref.(5).
Notation 2.2.  We denote:
N:l={eM|{IcNH(c M)
for Nc M ainclusion of graded A modules and [ asubsetof A.Similarly we denote:
ann (W) =0:1 = {Eedléw =0}(c 4)

for a subset W ofagraded 4 module M .

Lemma2.3. Let M e GrMod(A) . Then the following hold:

MY =hom,, (M, 4).

Proof. Let ¢:M" =hom, M ,K)—> hom M,AV) be a morphism in GrMod(4) defined by

GrMod(K) ( GrMod(4) (

o(f)(£)(a)=f(ag) forany feM’,EeM,acA.

Let y :hom M,4")—>M" =hom M,K) beamorphismin GrMod(4) defined by

GrMod(4) ( GrMod(K) (

l//(g)(f):zg(é‘)(l) for any gehomGrMod(A)(M,Av),feM.

Then ¢ and w are mutually inverses. [l
Lemma24. E=R" in ngod(R).

Proof. We can construct an isomorphism in ngod(R ) as follows:
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Let 6:E — R’ bea morphism defined by 0(]')(5) = (éf)o :(constant termof £ f € E) forany feE,EeR, then O is

clearly a morphism in ngod(R) and also an isomorphism. In fact, non-zero polynomial 0= f € E can be expressed in the

following form:

_ 12 2
f_cxll ...xn! 4+
where ceK is the non-zero coefficient of a monomial x'---x;' appearing in f with degf=¢ +---+e, . So

Q(f)(Xf' X ) =¢!---e lc#0. This implies & is injective. Comparing dimension of each homogeneous component of £

and R, we can deduce that @ is also surjective, hence isomorphism. [

Remark 2.5. The following hold:
) homgr (M N ) has the natural graded A4 module structure, so homgr(M ,N ) € GrMod(A) .

(2) Let ngod(A) denote the full subcategory of GrMod(A), whose objects are degree-wise finite dimensional modules, i.e.,

M engod(A) if and only if M eGrMod(A) and dim, M, <o for all i€Z . Restricting to ngod(A), K -dual

functor is a contravariant exact idempotent K -linear functor :

(L) :grMod(A4) — grMod(4).
(3) A" is an injective object in ngod(A), since we have the following commutative diagram with exact rows for any
0—>N—>M (exact)in ngod(A) :

NY - MY - 0
l O l
homGrMod(A) (N’ A ) - homGrMod(A) (M’ Av)

Especially R” is an injective object in ngod(R).

(4) E=R" are isomorphic to E} (k) the injective hull of the residue field &k in ngod(R), since we can easily check that

the following extension
k=R/m, :0‘:€mk =K-1-F

is an essential extension of the residue field & of R and E =R" isan graded injective module in ngod(R) by (3).
5) If ¢:R>A is a surjective K -algebra homomorphism, then we have the following commutative diagram with injective

morphism ¢, inclusions and isomorphisms :

e
AY — RY = E
U O U o U .
k:OA:VmA = OR;va = OémR:K'l

This implies k=A/m, =0:m, > A" is an essential extension of the residue field k& of A. So A" is isomorphic to
W
Eﬁ'(k) the graded injective hull of the residue field & in ngod(A). If 4 is an Artinian ring, then 4" is also

isomorphic to the graded canonical module K, of A,since A" is finitely generated graded injective 4 module of type

one,ie, dim,0:m, =1.
v
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Notation 2.6.  We denote:

<0M:VN> :={feMv f(N)zO}(e GrMod( 4)).

for Nc M ainclusion of graded A4 modules. Similarly we denote:
<0M W> ={£eM|f(£)=0, forallf eW}(eGrMod(4))

for W< M" ainclusion of graded A4 modules.

Lemma 2.7. If M e ngod(A) , then we have the following commutative diagram:

<0A:4W> o M
| O [

<°(M1)VW> = (m)

for any graded submodule W < M . Especially <OM W> = <0 W),
()

Proof. The assertion follows straightforward, since (M V)v is naturally isomorphic to M . [

Lemma 2.8. Let N>M be ainclusion of graded A modules. Then the following hold:
1) Ker(z”")=(0 : =(M v
0 er(z ) <0MVN> (M/N)

Moreoverif M e ngod(A), then the following hold:

®) <0A}<0M% N>> =N.

Proof. (1): We have the following commutative diagram with exact rows:
0 > (M/N) - M" - N - 0
| o
¢
<0 :VN> - M’

M

This implies <0 : N> = (M / N)v . (2): Moreover if M e ngod(A) , then by taking graded K -dual of the above diagram and
e

applying Lemma 2.7, we have the following commutative diagram with exact rows:
0> (07) = M o> MIN 50
I o I o

v

0 — <o( :V)VW> > (M) S w50

, where W:<0 : N>. This implies <0:<0 : N>>=N. O
MY M MY
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Remark 2.9. The following hold:

@) <0 : IM>=O 2 I if MeGrMod(A) and / < A isahomogeneous ideal.
MY MY

2) <0;M>:0;M if Mc A" isagraded 4 submodule.

Corollary 2.10. If M e GrMod(A), then the following hold:

) (M/m,M) =0:m, dimg(M/m,M) =dimk(0szmA) forany iel.

M i
Especially dim, M / m M =dim, (() : mA).
W
Moreoverif M e ngod(A), then the following hold:

) (Mv/mAMV)V:O‘:lmA dimk(Mv/mAMv)i‘:dimk(OA:ImA)v Sforany i€Z.

Especially dim, M~ /m M" =dim, (OﬂzlmA) .

Proof. (1) : From Lemma 2.8 (1) and Remark 2.9 (1), (M/mAM)V=<O : mAM>:0 Tmy.
MY MY

(2) : By (1), we have (MV/mAMV)V:O : mA:O/\i[mA since (Mv)sz. O
()

Remark 2.11.  From Corollary 2.10 (2), we have dim, 4"/ m 4" =dim, (0 : mA) .
A

The following Theorem 2.12 and Corollary 2.13 are well known, see Theorem 2.1 in Ref.(4) or Ref.(7). But using Lemma 2.8,
Remark 2.5 (4) , Remark 2.9 and Remark 2.11, we can prove these easily.

Theorem 2.12.(Macaulay’s inverse system) Let A be a standard 7 -graded K algebra of embedding dimension n and

¢:R—>A be a surjective K algebra homomorphism. Then A’ :OéKer¢ as graded R modules, where we assume A’ is

an graded R module via ¢, and 0;(0;Ker¢)=Ker¢. In this case, we call the graded R submodule 0;1 of E the

inverse system of the homogeneous ideal [ :=Ker¢ C R.

Proof. From Lemma 2.8 (1) and Remark 2.5 (4), A4~ :(R/Kergb)v =0 : Kerg = OéKer¢. Since 0 : Kerg = O;Ker¢, we
RY RY E
have 0;(0;Ker¢) = 01'}(0R:v Ker¢) .

From Lemma 2.8 (2) and Remark 2.9, we have OR(OE Ker¢) = 01:6(0 : Ker¢) = <01:e<0 : Ker¢>> =Kerg. O
: w RV
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Corollary 2.13. If A is a standard graded algebra of embedding dimension n then there exists a graded R submodule

M C E suchthat A= R/I(M) where I(M) = 01:eM and A" =M . Moreover the following hold:

(1) M is a non-zero finitely generated R module if and only if A is Artinian.

d
(2) If A=@A. is a standard graded Gorenstein Artinian algebra with A, #0, then A" =M is a single generated graded

i=0

R submodule and there exists a homogeneous polynomial f in E of degree d such that M =R [ Especially,

A'[-d]=4A.

Proof. (1) Since M = A" is an injective A module by Remark 2.5 (3) and A is a Noetherian ring, if M is finitely

generated then Kull-dim 4 =inj-dim ,M =0 . Hence A is an Artinian ring. The invers statement is clear.

(2) If A is a standard graded Gorenstein Artinian algebra, then M is single generated since
dim, M /m M =dim, 4"/ m 4" =dim, (O;mA) =1 by Remark 2.11. Moreover we have
(0/:4mA):(0/:1mA)d:(M/mAM)7d =M/m M.

Hence A=R/ [(M) =R f[-d]=M[-d]= A'[-d] for some homogeneous polynomial feM ,cE ofdegree d .

Here we remark that the degree of a homogeneous element f in E as a graded R module is negative of the degree of f

as a polynomial in £ . [

Proposition 2.14. (Minimal injective resolution) Let A=R/I be a standard 7 -graded Artinian algebra of embedding
dimension n, M be a finitely generated graded A module and F be a minimal free resolution of M over R. Then F’

is a minimal injective resolution of finitely generated module M~ over R.

Proof. From Remark 1.5 (2), (3), F" isan injective resolution of M over R.

Since RHom, (M ,k) =RHom, (k,M v) , where RHom R( s ) denote the right derived hom functor, and Corollary 2.10 (a),

we have

dim, [o : ij = dim, F,/mF, = dim, Ext;, (M k) = dim Ext; (k,M").
(F)’
So F isalso a minimal one. [J

Notation 2.15. Let f,---,f. behomogeneous polynomialsin E . We denote:
A (S f) =T RSE,
I ) =03 (firnf) =03 S )
Ao f,) = RI(fi ;) = R Dann, ().

Especially, A=A(jl',--~,.f;) is an Artinian algebra with emb.dim 4 <emb.dimR =rn and A(fl,m,fr)V:Av(fl,m,fr).
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Definition 2.16. Let M ngod(R) be an graded R module whose each component is finite dimensional.

We define the Hilbert function %, :Z—>Z of M by h,(i)=dim M, for i€Z.

3. Trivial extension of standard graded Artinian algebras and its Macauly’s generator

In this section, we review the result for Macaulay’s generator of trivial extensions of standard graded Artinian algebras.
Definition 3.1. Let A be a standard graded K algebra of finite type and ' be a finitely generated graded A4 module. We
definea K algebra of finite type AXV called the ‘trivial extension’ (or ‘Nagata idealization’) of A by V as follows:

(1) AXV =A@V asan A module;

) (a,v)-(b,w):=(ab,aw+bv) forany (a,v),(b,w)e AxV =A@V .

d
Definition 3.2. Let A= 4, be an Artinian standard graded K algebra with A4, #0. A is called a ‘level algebra’, if

i=0

A

0:m, = (0 : mA) . The number d is called the socle degree of 4 and ¢=dim, (Oj‘mA) is called the type of A.
4 d

Remark 3.3. We remark the following:
(1) Assume that 4 and B are both graded K algebras of finite type and that B is an A algebra with its structure

morphism @:A—> B . If there exist ¥ < Bagraded A submodule with V>=0, ¢(A4)=A4 and B=¢p(A)®V , then

B=AxV asgraded K algebras.

(2) Trivial extensions of standard graded K algebras by their graded modules are graded but no longer standard graded in
general.

(3) If A is a standard graded Artinian level K algebra with its canonical module K,, then AXK, is a standard graded

Gorenstein K algebra.

Lemma3.4. Let f,,---, [, €E(x) benonzero homogeneous polynomials, A:= Ay \(f,+.f,) and

g=ufi++u.f € E(g, g) . Then the following hold:

1) Ak[i)g](g)=A~l+ZA-a,where a is the homomorphic image of U, in AK[LQ](g) for i=1--r.

i=1

2) A:A'g:K[X]ggE(g,g), KA:szV-ggE(g,g) and A-gNV-g=0 in E(g,g),where V=Y 4-U,.

= U](g),wehave

Isi<jsr = AAE

Proof. Since A=K[X]/I,,(f.-.f,) and IK[K](f]',---,f),{U,.Uj}

AK[LQ](g):K[XsQ]/I(g)=A-l+iA-a.

Since OK[:i]gZOK[:i]fl ‘U, +..._|_fr.ur :DlannK[K](f;):IK[K](fl’“.’f)’ we have

A=K[X/ Iy (S f)=K[X]-g=4-g.
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We remark that V~g:(i/l-aj-(fl-u1+--~+f,,-ur)=2A~f[=AV:KA. Finally A-ggE(£)~ul+---+E(£)~ur and
i=1 i=1

V-g:ZF:A-ﬁgE()_c).Thisimplies A-gnV-g=0 in E(x,u). O

i=1
The following Theorem 3.5 is well known but we give a proof by using Lemma 3.4.

Theorem 3.5.( p.82. Theorem 2.77 in Ref.(1)) Let f,---, f. be nonzero homogeneous polynomials in E()_c) . Then

AK[LQ](fI U+ '“r): A (S /)D(KA(ﬁ>"'>ﬁ-)'

Proof. By Lemma 34. (1), Ay, ,(g)=4-1+V where g:=f-u++f u, cE(xu), V:=ZA-U, with U, the

i=1

homomorphic image of U, in Ak[i)gl(g) for i=1,--,r. Clearly V*=0.
The isomorphism AK[LQJ(g)zA-1+V—>AK[£)g](g)~g:A-g+V-g induces AK[KU](g):A-l+V:A@V and

V' =K,,sinceby Lemma3.4.(2), A-g=A, V-g=A"=K, and A-gnV-g=0.This completes the proof. [J

4. Failure of the weak Lefschetz property for trivial extensions of standard graded Artinian level algebras

First we recall the definition of the weak Lefschetz property (WLP) of a standard graded Artinian K algebra.

Definition 4.1. Let A be a standard graded K algebra. Given a nonzero homogeneous element & € A and a graded A

module M whose components are all finite dimensional, we say that x|, :M — M[dega] has the ‘maximal rank’ property if

i+dega i

each component (Xa|M)_ M, > M (i€Z) has maximal rank, i.e. dim, (xa|M (M)) = min{dimK M,,dim, M

i+dega}
forall ieZ.

Definition 4.2. Let 4 be a standard graded Artinian K algebra. We say that A4 has the ‘weak Lefschetz property’ (WLP) if
there exists a nonzero linear form z € 4, suchthat xz| :4— A[l] has the maximal rank property. In this case, we say that A4
has WLP with respect to z. Moreover if A is a homomorphic image of a polynomial ring K[X],i.e., 4=K[X]/I,then 4
is a graded K[X]-module. If Le K[X], is a preimage of ze 4,, then we also say that 4 has WLP with respect to
LeK[X], .Weremark that A4~ (f)[—d] = A(f) with deg f=d, so A(f) has the symmetric Hilbert function, i.e.,
hy(i)=h,(d—i) forall ieZ.

Theorem 4.3. Let f,,---,f. be nonzero homogeneous polynomials of the same degree d>2 in K[x1,~~~,x”]=E(£) and
g=f,-u,+-+ f -u, be a polynomial of degree d+1 in K[x,-,x

ul,-“,ur] = E(E, g) , which satisfy the following

no

conditions:

(1) dimg (K fi+--+K f.)=r,ie, f,-.f arelinearly independent;

(2) dim, Ka—g+~~-+Ka—g =n ie, a—g,n-,a—g are linearly independent;
Oox, ox, 0ox, ox,

@) dim A(fi,, 1), > dimg A(fi,o,f),, 2de, dimg A (foe f) > dimg A7 (S0 /)
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then Ay y 1 (f] U+t f -u,‘) = A(g) does not have the the weak Lefschetz property.

Proof. By Lemma 3.22. in Ref.(1), it is enough to show that dim, A(g)1 >dim, A(Lg)l ,le.,

dim, 4" (g)id >dim, 4" (Lg)ﬂh1

for general linear element L=a X, +---+a, X, +bU +---+bU, GK[X1,~~-,X”, Ul,-~-,Ur] .

1

Frist we remark that A" (g ZK a‘ngZ:K % ZK 5g+sz and ZK ﬁZKf 0 in E(x,u) since
Z”:Kg—fg(u1,~--,un)~K[xl,~--,xn,ul,-n,u,] and Zr:Kfj gK[xl,m,xn]gK[xl,~-~,xn,u1,~~~,u,_].Bytheconditons (1) and (2),
i=1 i J=1

we have dimKAV(g)idsz—r. On the other hand, A4"(Lg) o ZKaLg ZKaLg ZKaLg ZK(i ]
i=1 Jj=1 l

i i=l

since Lg = ZZa—u +be ﬁLg Zn:a[? (j=1,-~~,r).Bytheconditons(l)and(B),
‘O X,

i=l j=1 ‘/

dlmKZK[Za —j<d1m A (fr fy)ﬁm<dimKAV(f1,~~~,f,)7d=r,s0wehave dimKAV(Lg)idH<n+r.Thisproves

j=1 i=1 i

the assertion. [

Lemma 4.4. Let f,---,f. be nonzero homogeneous polynomials of the same degree d>2 in K[xl,---,xn]:E(g) and

g=fi-u,++f -u, bea polynomial of degree d+1 in K[xl,--o,x”,ul,~~~,ur]=E()_c, u). If there exists fe{fl,,fr}

such that dim, [K sf +o+ K— 2 ] =n, then the condition (2) dim, (Ks_g+ e +K§_gj =n in Theorem 4.3 holds.
X X X

. 0 0, = Of r of .
Proof. We can assume that [ =f . If cla—g+-~~+c”a—g:clziuj+-~~+c”ziuj:O for some ¢,"--,c, € K, then
1 . =l
o 0 0 . .
substituting u,=---=u, =0, we have (cli+---+cn aijul =0. Hence ¢,=---=c,=0 by the assumption. This complete
xl xn

the proof. [J

Example 4.5. Let f = xlz, fr=xx,, f;= x22 S K[xl,xz] , then the standard graded Artinian level algebra A= A(fl,fz,f3) of
socle type 3 has the strong Lefschetz property since it is well known that every Artinian algebra of codimension 2 has the strong

Lefschetz property. Hence A4 has also the weak Lefschetz property. In spite of this, A( g) the trivial extension of A, where
g=fu,+ fou, + fu, € K[x,,x,,u,,u,,u;] , does not have the the weak Lefschetz property since the following three conditions in
Theorem 4.3 holds:

(1) dim (K fi+K f,+K f;)=

(2) Since dimK[ af2+K ] dim, Kx2+Kx1)=2,byLemma3.25,wehave dimK[Ka—g+K§—gJ:2.
X X

(3) dim, A4 (fl,fz,f3) my (K f,+K f,+K f,)= 3>dimKA(f1,f2,fr)4=dimK(Kx2+le)=2.

EASEFEMER HRLE H115 (2019



Category of graded modules and Macaulay’s inverse system

Acknowledgement. The author would like to thank Professor Tadahito Harima for his helpful comments.

(Received: Sep. 25, 2019)
(Accepted: Dec. 5, 2019)

References

(M
@)
©)
“4)

)
(6)

0

®)

T. Harima, T. Maeno, H. Morita, Y. Numata, A.Wachi, J. Watanabe: The Lefschetz properties, Lecture Notes in
Mathematics 2080. Springer, Heidelberg, xx+250 pp. (2013).

T. Harima, J. Migliore, U. Nagel and J. Watanabe: “The weak and strong Lefschetz properties for artinian K-algebras”, J.
Algebra 262, pp.99-126 (2003).

J. Migliore, U. Nagel: “A tour of the weak and strong Lefschetz properties”, J.Commut. Algebra 5, no. 3, pp.329-358
(2013).

T. Maeno and J. Watanabe: “Lefschetz elements of artinian Gorenstein algebras and Hessians of homogeneous
polynomials”, Illinois J. Math., 53, pp.593—603 (2009).

D. Eisenbud: Commutative algebra with a view toward algebraic geometry, Spinger-Verlag, 785 pp.(1995).

A. Cerminara, R. Gondim, G. Ilardi and F. Maddaloni: “On mixed Hessians and the Lefschetz properties”, Advances in
Applied Mathematics, 106, pp. 37-56 (2019).

A. V. Geramita: “Inverse systems of fat points: Waring’s problem, secant varieties of Veronese varieties and parameter
spaces for Gorenstein ideals, The Curves Seminar at Queen’s”, Queen's Papers in Pure and Appl. Math., 102, Vol. X,
pp.2—114 (1996).

S. Isogawa: “High order weak Lefschetz properties for standard graded Artinian Gorenstein algebras”, in this volume.

Research Reports of NIT, Kumamoto College. Vol.11 (2019)
— 48—



