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Strongly m -full modules

Satoru Isogawa ™

Abstract We introduce the stongly m - full property for a pair of graded modules, which is stronger than the m - full property but
weaker than the componentwise m - full property, and give criteria for strong m - fullness by means of strongly m - full closure.
One more property for a pair of graded modules : the m -adic m - fullness is introduced. Using strongly m - full closure , we
show that m - adic m - fullness and componentwise m - fullness are equivalent.
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1. Intoroduction

The property of homogeneous ideals of a standard graded Noetherian commutative algebra over a field, called the
m -fullness, and related topics have been studied by many authors (e.g., (1)-(13)). The property, m -fullness, can
naturally be extended to the property of a pair of a graded module and its submodule.

In this paper, we introduce the strongly m -full property, which is stronger than the m -full property, for a pair of a
graded module and its graded submodule, but weaker than componentwise m -full property introduced in (8). We also
introduce the m -adically m -full property which is equivalent to componentwise m -full property. We give criteria
for those properties.

In Section 2, the preliminary section, we fix some notations used in (8) and recall the criteria for m -fullness and the
definition of componentwise m -full defect from (8).

In Section 3, we study strongly m -fullness. Introducing the strongly m -full closure, we give criteria for strongly
m -fullness in Corollary 3.11.

In Section 4, we define m -adically m -full property and after showing that this property is equivalent to
componentwise m -fullness, give criteria for those equivalent properties in Theorem 4.9.

In Section 5, the last section, applying our results to homogeneous ideals of the polynomial ring in two variables, we
extend the result in (11, Theorem 4) as Theorem 5.11.

2. Preliminaries
Let Z be the set of integers, Z,, be the set of nonnegative integers and R be a standard graded Noetherian

commutative algebra over an infinite field K with the maximal homogeneous ideal m and the residue field
k=R/m. Let Abe the category of finitely generated graded R -modules, for M €. Aand ieZ, we denote M,

the K -vector subspace generated by homogeneous clements of degree i in M, M (z) the 7 -shifted module of

M defined by (M (i))j =i+j for all jeZ. For a graded submodule N of M and a homogeneous ideal [/ of
R ,we denote N B I ::{feM |[§gN} , and similarly, for a homogeneous element ze R , we also denote

N:z:= {5 € M| zEC N} . We fix some notations as follows:
M
Notation 2.1.Let NcMe A and jeZ.
(1) M., =@M, :the graded submodule of elements of degrees greater than or equal to j in M .

i

2 M o) = RM ; : the graded submodule generated by elements of degrees j in M .

3) deg:H(Ml. ~ {O}) —7Z :the degree function of M defined by degé:=i if 0=&eM,.
i€l

(4) 1(M) :thelengthof M ,i.e., the largest length of chains of submodules of M .
() depth(M ) : the depth of M , i.e., the length of maximal regular sequence on M if M =0 and depth(0):= .
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(6) pdg(M): the projective dimension of M .

(7) wu(M)=1(M/mM) :the number of minimal generators of M .
(8) D(M):= {z € Z| (M /mM) = O} : the set of degrees of minimal generators of M , especially D(0)=(.
(9) d(M):=min {z € Z| M/ mM) + O} the minimal degree of minimal generators of M , especially d(0)= o0

(10) d'(M)= max{i € Z| (M /mM), = 0} : the maximal degree of minimal generators of M , especially D(0)=—oo.
(11) NZD,(M):={zeR|zeNZD(M)} if M#0 and NZD,(0):=R ~{0}.
(12) N:m”:= U(N : mi):U(N : mi) : the saturationof N in M .

M icZ M i20 M

(13) G(M) = 1+t0p(OA:4m) : 1+ the degree of the top socle of M , especially, G(M) =—o0 if OA:4 m=0.

Definition 2.2. Let NcM e A.
(1) N is calledm -full in M if mN :z=N for some 0#zeR . Especially in this case, we say that N is
M

m-full in M with respect to z .
2) m- full(N M {z | N ism-full in M w.rt. ze R } is called the set of m -full divisors for N in M .

Theorem 2.3. (See (8, Theorem 3.6).) Let Nc M € A. Then m-full(N;M) is a Zariski open subset of R, .

Proposition 2.4. (See (8, Proposition 3.4).)Let NcM € A and zeR,. Then the following are equivalent:
i) N is m-fullin Mwrt z;

(i) u(N)=1(0 ; =)+ u((N+zM)/zM).

Definition 2.5. Let NcMeA. 6,(0)=0, §,(N):= max{O, o-(M/N)—d} if0#N =N, and for general
N #0, we define o, (N) = max{SM (N<I.>)‘i € D(N) } . Wecall ¢, (N) the componentwise w -full defect of N in
M if depthM >1.

Lemma 2.6. Let 0#NcMeA, N,:=N,, and Li::NiA:lm“’ (i=1--,r) where D(N)={d,<---<d,} .

Assume depthM >1.If j>6,,(N),then m/N=m/N, +--+m/N, =(L,) +-+(L,) .
2d\+j 2d,+]

Proof. By [8, Lemma 4.9 (4)], 5M(ij)=max{0, 5M(N)—j}=0 since j>6,,(N). Hence by definition,
Sy (m’N,.)=O (i=1--,r).By[8, Lemma 4.7 (1) (iv)], m’N, =(Ll,)>d+j (i=1,---,r). This completes the proof. []

3. Strongly m - full modules

Definition 3.1. Let NcM e A.N is called strongly m-full in M if there exists ze R, such that m'N :z' =N
M

forall ieZ,,.Especially in this case, we say that N isstrongly m-fullin M with respectto z.

Remark 3.2. Let NcMecA.If N is strongly m-full in M, then by definition, N is m-full in M. 0 is
strongly m-fullin M ifand only if NZD (M )= .

Notation 3.3.Let NcM e A and zeR,.
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~M

(h) N :io(miNA:lmi).

%

~(Miz)

2 N iLzJ()(miNA:lz[).

Remark34.Let NcMeA. N isstrongly m-fullin M wrt. zeR, ifandonly if N(M;z) =N.
Lemma 3.5. Let 0#Lc M e A. Assume that depthM >1 and L is a saturated graded submodule of M, i.e.,

L&m“:L. Then NZDI(M/L)K\NZDI(M);t@ and for any jeZ , L is strongly w -full wrt.

2j

zeNZD, (M /L)NNZD,(M)# @, ie, m'L,, :z' =L, forall ieZ,.
2 ), > >

Proof. Since depthM >1, and M /L=0 or depth(M /L)>1, we have NZD (M)#< and NZD,(M/L)#=J.
Moreover NZD, (M) and NZD,(M /L) are Zariski open subsets in R, so NZD (M /L)NNZD,(M)#J .
Obviously, L. c miLZ./'Ai[Zi' On the other hand, we remark that m"LZI,.A:lz" = miLZ_/.izi since l(L/mLZJ.) <o, S0
L =mL2‘,.A:4m°O and zeNZD (M/L) . Let 0#&e miLZjizi be a homogeneous element, then
0#z¢6em'L. cL

2] = "Tzj+i

Hence we have degz'é=degé+i>j+i . This implies SelL,, , so

m'L  :z'=m'L, :z' c L. Wearedone. [J
2 2} >

Proposition 3.6. Ler 0#L c--cL, cMeA be a chain of saturated graded submodules, e, ,e, €L with

e <--<e, and N':=(L1)> +---+(Lp)> . Assume depthM >1 . Then N' is strongly wm -full wrt.

zehNZDl(M/L[)mNZDI(M),i.e., miN'A:lzi:N’ forall ieZ,.
i=1

Proof. The inclusion N'cm'N’ : z' obviously holds. On the other hand, let 0#¢&em'N' M z' be a homogeneous

element, then O;tz"zfem"N':m"<Ll)Ze +---+m"(Lp)>

2e,

. Let ci=degz'é, then e +i<c<e, +i for some

I<g<p-1 or e +i<c with g=p,sowe have:

0¢z"§e(m"N’)c=(m"(Ll)Ze +"'+mi(Lq)2e) :mi<L1)H+”'+mi(Lq) .=m"(Lq)Ciigm"(Lq)Ze .

c—i

Hence we have &em’ (Lq) 4 :(Lq) c N' by Lemma 3.5. This implies m'N’: z' = N’ and completes the
e, M 2e, M

2e,

proof. [

Remark 3.7. In the proof of Proposition 3.6, we use the fact that (miM) =m/M,+m/"M, +--=m/M, forany

i+j

i€Z,,jeZ and MeA.

Definition 3.8. Let NcM e A.N is called the strongly w -full closure of N in M if it satisfies the following
properties:

(1) N isa graded submodule of M , containing N and strongly m-fullin M .

(2) Nc N, for any N'astrongly m -full graded submodule of M , containing N .

That is to say, N is the minimal, with respect to inclusion relation, strongly m -full graded submodule of M,
containing N .

Remark3.9.Let 0#NcMeA, N=N,and L:=N,:m” (i=L-r) where D(N)={d, <--<d,}.Then
; M

L c--cL, since I((N,++N,)/N,)<o,s0 L,.:(Nl+---+Nl.)A:4m°°for i=1-,r.
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Theorem 3.10. Let 0#NcMeA, N, =N,

(@) and L, :=Nl.A:4m (i=1---,r) where D(N)={d <---<d,} .
Assume depthM >1. Then the following hold:

) _

1) N =N"T=(Ly), +eek(L,), forany ze(NZD, (M /L) ANZD, (M).
" i=1

2) N s strongly m -full.

M
~M

,z) ~M . ~M
=N . Especially, (N ) =N

(3) If Nisstrongly m-full wrt. z, then N = N(M
4) N is the strongly w -full closure of N in M .

Proof. (1) By Lemma 2.6, if j >3, (N),then m/N=m’/N, +---+m’'N, = (Ll) +---+(L,‘) .. - Using this result,
2d,+j

>d\+j
we have the following: j
(L1)> +'”+(Lf)>d < mj(Ll)>d +”'+mj(L’) . m’ Q(Ll)

2d, 2d, 2d, 2d, M

mfNA:Imf:(L1)2d+l_+---+(L,,) :m/gij:z’z(Ll)2d+l_+---+(L,,) 'z":(Ll)Zd+---+(Lr)ZdV.

2d,+j M

+~--+(L,) :m"':m«"N&m",

>d\+j >d.+j M

This implies ijA:lmj = m"NA;z" = L1) . forany j>6, (N), so we have:

(2) This follows from (1) and Proposition 3.6.

(3) From the definition of strong m-fullness, N is strongly m-full in M if and only if ]T](M;Z) = N . In general,
NQNM QN(M;Z), hence N=N" =N(M;Z) if N is strongly m-full in M . Especially, N s strongly m -full

~M

—M
by (2). Hence we have (NM) =N

@) N DN is strongly m -full by (2). If N'oN is a strongly m -full graded submodule of M , then
N'=N" QNM by (3). This implies that N" s the strongly m -full closure of N in M. O

Directly from Theorem 3.10, we get the following criteria for strong m - fullness.

Corollary 3.11. Let Nc M € A. Assume depthM >1. Then the following are equivalent:
(1) Nisstrongly m-full;

) N'=N;
(iii)) N=0 or
N=(L,)  +-+(L,),  where N;=N and L:=N, :m" (i=1--r) with D(N)={d, <--<d,}.

4. Componentwise m - full modules and m - adically m - full modules

Definition 4.1. Let NcM e A .
(1) N is called componentwise m -full (c.w. m -full for short ) in M if N<,~> is m-fullin M forall ieZ.

(2) N iscalled m-adically m-full (m -ad. m -full for short )in M if m'N is m-fullin M forall ieZ.

Proposition 4.2. (See (8, Proposition 4.2).) Let NcMeA. If N is componentwise m -full in M , then N
ism-fullin M .

Theorem 4.3. (See (8, Theorem 4.10).) Let 0= NcM e A and N, = N<d’> o Li=N
D(N) = {d1 << dr} Af depthM >1, then the following are equivalent:

(1) N is componentwise m-fullin M ;

RASEEMER HRLE F95 (2017)
— 103 —



Strongly m-full modules

(1)) N, is m-fullin M forall 1<i<r;
(i) N, is m-fullin L, forall 1<i<r;
(iv) N,.:(L,.)>d forall 1<i<r;

V) N=(L), +-+(L,), and d=d'(L) forall 1<i<r.

Corollary 4.4. Let Nc M € A. Assume depthM >1. If N is componentwise w-full in M , then strongly m -full
in M.

Proof. If N =0, there is nothing to prove. So we assume that N #0.If N is componentwise m -full in M , then

N:(Ll)Zd‘+---+(Lr)2dr,where N;=Ngy» Li=N,:m” (i=1--,r) withD(N)={d, <---<d,} by Theorem 4.3

(iv). Hence N isstrongly m-fullin M by Corollary 3.11 (iii) . [

Corollary 4.5. Let Nc M e A. Assume depthM >1. If N is componentwise w -full in M, then m’'N is also
componentwise w-fullin M forany jeZ,,.

Proof. If N =0, there is nothing to prove. So we assume that N # 0. Here we remark that if N =N, +---+ N, _, where

N,=N,, (i=L--r) with D(N)={d, <---<d,} , then m/N=m/N,+--+m’'N, for jeZ, , so we have

D(m’N)g{dl +j<--<d +j} and {(m’N) peD(N)}g {m’Nl,---,mfN,} . On the other hand, by Theorem 4.3

</>>‘
(iii), N, :(L,.)Zd‘ where [ :=N, :m” =m’/N, :m” (1<i<r), so we have m’/N,=m’ (Li)zd. :(L,.) for

i 2d;+j

1<i<r . This implies (ij)<>:((mfN)< | :mw) for all peD(N). Again by Theorem 4.3, m’/N is
P P p

M
componentwise m-fullin M. O
Lemma 4.6. Let 0#NcMeA and N, =Ny, L :=N1.A:4m°° (i=1,r) where D(N)={d, <--<d}. If
depthM >1 and N is w-adically wm-full in M, then N=(Ll)> +---+(Lr)>d and dlzd’(Ll). Especially,

>d,

N s strongly m -full.

Proof. If N is m -adically m -full in M , then m"Ngmf“NA;mgm"”NA:lzj:mfN for each jeZ, and

some z, € R, . This implies m"“NA:lm =m’/N forall jeZ,. Hencewe have:

m/'N :m/M :(mj”N : m) m/=m/N:m/=-..=N.
M M M M

r

So we conclude that N =N" =(L1)>d +---+(L )>d , by Theorem 3.10 (1) , especially N is strongly m -full by

Corollary 3.11. Since m’/N is also m -adically m -full, d1+jeD(ij), (ij) =m’N, and

<d1 +./>

L,=m’/N, :m” foreach jeZ,,wehave:
B >

ij:(Ll) +--~:mf(Ll) +o+m’ L,)

>dy+ ) >d, >d,

Comparing degree d, +j part of the above equation, we see that (L1) =m,/ <L1) for each jeZ,,. This implies

di+j d

L =(L1)<d‘> ,so dy=d'(L). O

Lemma 4.7. Let 0#NcMe A and N,:=N,, (i=1-r), whereD(N)={d, <---<d, }. If depthM 21, r22

and N iswm-adically w-fullin M, then N':=N,+---+ N, isalso m-adically wm-fullin M .
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Proof. Since N is m -adically m -full in M , we have m—full(m-fN;M) # for each jeZ, . Let
z, em-full(m’N;M)mNZDl (M), then m"+]NA:42j =m’/N . The inclusion m’/N'c mj“N'A:lzj clearly holds. On
the other hand, let O;tfemj“N'A:lz/. gm"“NA:sz =m’/N be a nonzero homogeneous element. Then we
have 0 # z,¢ em’"N'=m/"'N, +---+m’"'N,. Hence degé>d,+/ and we have:

e (m’N)

Hence we have m’"'N': z, < m’/N’. This completes the proof. [J
M

mfN]+m"N2+---+m"Nr) =m/N,+--+m/N =m'/N'.

>dy+) _( >dy+i

Remark 4.8. We remark that m—full(m’N;M) NNZD, (M) = for each integer jeZ,, by Theorem 2.3.

Theorem 4.9. Let 0#NcMeA, N:=N, and L:=N, :m" (i=1---,r) where D(N)={d,<---<d,} .
i M

Assume depthM >1, then the following are equivalent:

(1) N ism-adically wm-fullin M .

() N=(L,) +-+(L,), and d=d'(L) forall 1<i<r.

(iil) N is componentwise w -full in M .

Proof. (i)= (ii): By Lemma 4.7, N=N,+--+N,, N9 =N, +-+N, , NV =N, +-+N,, -, N =N, are
all m -adically m -full in M . Therefore by Lemma 4.6, we have: N:(L1 )>d +---+(L,,)>d with d,=d'(L)),
N© =(L2)Zdz +.-.+(Lr)2d’_ with d,=d'(L,), N" :(L3)2d3 +---+(L,)Zd’ with dy=d'(L,),-, N =(L,)Zd’ with
d, =d'(L,). This implies N:(L1)2d1+..-+(L,)2dr and d, =d'(L) forall 1<i<r.

( .
(

i) <> (iii) : This follows from Theorem 4.3.

iii) = (1) : This follows from Proposition 4.2. and Corollary 4.5. [
Remark 4.10. If N ism-adically m-fullin M and depthM >1, then from Theorem 4.9 and Theorem 3.10 (1),
@ #NZD, (M) (NZD, (M / L,) = NZD, (M )~(\NZD,(M /N,)_, = (] m-full(m/N;M ).

i=1 i=1 ' JE€L

5. Application to ideals of the polynomial ring in two variables

Definition 5.1. Ler M € A. reg(M):= sup{j ~ilieZ.,, j € Z with Tor/ (M.k) #0 } is called the regularity of M .

Definition 5.2. Let [ c R=K[X,,---,X,] be a proper (i.e. /# R) homogeneous ideal. [ is called a componetwise

J

linear ideal if reg(]< >) =j forall jeZ with I<j> #0.

Definition 5.3 (Watanabe). (See (11).) Let / < R=K[X,,---,X,] be a proper homogeneous ideal. [ is called a
completely m -full ideal if there exist z,---,z,€R such that [/ is m -full in R wrt. z and

(I+zR+--+zR)/(z,R+---+zR)is m-fullin R/(zR+--+zR) wrt. z, foreach i=1--,n-1.

i+l

Remark 5.4. Let / < R=K[X] be a proper homogeneous ideal of the polynomial ring in one variable. Then /=0

or 1:()(" ) for some integer i>1 since R is a principal ideal domain. So 7/ is m-fullin R wrt. X.

We need the following result to prove Proposition 5.7.
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Theorem 5.5 (Harima and Watanabe). (See (5, Theorem 1.1).)Let [ — R=K[X,,---,X,] be an homogeneous ideal.
Then [ is a completely w -full ideal if and only if I is a componetwise linear ideal.

Remark 5.6. Recall we assume that K is an infinite field throughout this paper. If K is a finite field, then Theorem
5.5 does not hold.

From now on, we assume that R = K[X,Y] is the polynomial ring in two variables. For any two elements [, g€ R,

we denote  f |g if f divides g and ftg if f doesnotdivide g.

Proposition 5.7. Let 1 < R=K[X,Y] be a proper homogeneous ideal. Then the following are equivalent:
(1) [ is componetwise m-fullin R.

(i) 1 isstrongly wm-fullin R.

(i) 7 ism-fullin R.

(iv) [ isacompletely m -full ideal.

(v) I is a componetwise linear ideal.

Proof. (i)=> (ii): This follows from Corollary 4.4. (ii)=> (iii) :This is clear by definition. (iii)= (iv): Since I is
m-full in R, there exists 0#zeR, such that mI}:ez:I. Then (I+zR)/(zR) is m-full in R/zR=K[X] by
Remark 5.4. Hence / is a completely m -full ideal. (iv)<> (v): This follows from Theorem 5.5. (v)=>(i): Since

I is a componetwise linear ideal, every component 1<j> (j€Z) is also a componetwise linear ideal by definition.

Hence from Theorem 5.5, 1<j> is a completely m -full , so especially m -full ideal for each ;e Z. This implies 7

is componetwise m-fullin R. [
Lemma 5.8. Let 0=J < R=K[X,Y] be a saturated homogeneous ideal, i.e., J:m” =J, then J is afree module
R

of rank 1, especially, is a principal ideal , i.e., J =Rf for some homogeneous element f eR.

Proof. If J =R, there is nothing to prove. So we assume that J # R . Since depthR/J =1, by Auslander-Buchsbaum
formula, we have the pd,R/J =1,s0 pd,J =0.By the graded Nakayama’s lemma, J is a free module of rank 1. [

The next result, essentially appears in (11, Theorem 4). We have slightly extended this result as follows:

Lemma 5.9. Let [ cR=K[X,Y] be a proper homogeneous ideal, d:=d(I), J::I;m”’, J, = I<d>ém°° and
zeNZD,(R/J,)"NZD,(R/J)(#D). Then the following hold:

(1) Thereexist 0# f,f € R suchthat J=Rf and J, =Rf,.
(2) Thereexists 0+gel, adegreed elementin I suchthat z1{g.

3) %]"‘JZ) = [K[)%Xde)J(—e), where e:=degf .

4) Z(OR:/IZ):I(OJ:/IZ):d—e,where e:=deg f.

Proof. (1) This follows from Lemma 5.8 since J, and J are saturated homogeneous ideals.

(2) Assume z|g ,forall 0=gel, . Then [, c Rz and we have:
Rf, =J, :1<d>ém°c ngI:em“’ =Rz.
Hence z|f;,so zeNZD,(R/J,). This is a contradiction.

(3) Since I < J =Rf, there exists a homogenesou ideal [' suchthat [=7f . Then we have:
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%I )" R%'+R2)f - [%]'+Rz)j(_e) :

On the other hand, there exists an isomorphism ¢:R/Rz——K[X]. By (2), there exists 0 g e/, such that
ztg,sowehave (I'+Rz)/Rz=(Rg'+Rz)/Rz,where g=g/f, and
o((I'+Rz)/ Rz) = p((Rg'+ Rz)/ Rz) = (X~ ) c K[ X].
Hence R/(I'+Rz)=K[X]/ (X"'e) . This complete the proof.

(4) Since z e NZD, (R / J) , we have I(ORZUZ) = Z(OJ:/[Z) . From the following exact sequence:
0 (02 2)(-1) > (J 1 1)(=1)>J 11> [(1+J2) >0
. — — d—e _ _ .
we see that l(oj.”z) = 1(J/(1+.J2))=1(K[X1/ (X)) =d ~e by (3)since (J/I)<o0. O

Lemma 5.10. Let 0= c R=K[X,Y] be a proper homogeneous ideal, I, = 1<d’> and J, = I,.I:em“’ (i=1,~~-,r),

where D(I) :{dl << dr}. Then the following hold:

(1) There exist homogeneous elements  f,,---,f. in R with e =degf >--->e =degf such that
J.=Rf, (i=L-r) and f|f; (i=1-r-1).

(2) There exist ideals 1,---,I' = R suchthat I, =1f, ,---,1, =1.f with d(I))=d'(I))=d,—e, (i=1,--,r).

i

~R

(B) I =mf +qm®f .
@ I u(h)=d(1)+1-d(1;m" ), then 1=T".

Proof. (1) follows form Lemma 5.8. and J, c---<J, by Remark 3.9. (2) follows form (1). (3) follows form Theorem
3.10 (1) . (4) follows from Lemma 5.9 (4) and Proposition 2.4 since for zeNZD,(R/J,)"NZD, (R/J), we have

1(0;,2)=d(1)=d(1;m” ) and u((1+2zR)/zR)=1. D

From Proposition 5.7 and Lemma 5.10, we have the following theorem:

Theorem 5.11. Let I < R=K[X,Y] be a proper homogeneous ideal. Then the following are equivalent:

(1) 1 is a componetwise linear ideal;

(i) [ is componetwise w -fullin R,

(i) 1 isstrongly wm-fullin R ;

(v) T=mf +.vm®“f | where f,---,f. € R homogeneous elements with c =degf,>--->c =degf. ,

fial fi (i=l,--~,r—1) and D(1)={d1<-~<dr};
W w()=d(1)+1-d(1;m" ).

Remark 5.12. Theorem 5.10 (v) is an extension of the result (11, Theorem 4).

Acknowledgement. The author would like to thank Professor Tadahito Harima for his helpful comments.
This work was supported by JSPS KAKENHI Grant Number JP15K04812 .

(Received: Sep. 25, 2017)
(Accepted: Dec. 6,2017)

RASEEMER HRLE F95 (2017)
— 107 —



Strongly m-full modules

References

M

)
3)

“)
(©))
(6)
(7
®)

A. Conca, E. De Negri and M. E. Rossi : “Integrally closed and componentwise linear ideals”, Math. Z. 265,
197-210 (2010).

J. Hong, H. Lee, S. Noh and D. E. Rush : “Full ideals”, Comm. Algebra 37, 2627-2639 (2009).

T. Harima, T. Maeno, H. Morita, Y. Numata, A. Wachi, J. Watanabe : “The Lefschetz Properties”, Lecture Notes
in Mathematics 2080, Springer (2013).

T. Harima and J. Watanabe : “The weak Lefschetz property for m-full ideals and componentwise linear ideals”,
Illinois J. Math. 56, 957-966 (2012).

T. Harima and J. Watanabe : “Completely w -full ideals and componentwise linear ideals”, Math. Proc.
Cambridge Philos. Soc. 158, 239-248(2015).

S. Isogawa : “Rees property and its related properties of ranked partially ordered sets”, Research Reports of NIT,
Kumamoto College. 6, 66-73 (2014).

S. Isogawa : “Rees property and its related properties of modules”, Research Reports of NIT, Kumamoto College.
6, 74-81(2014).

S. Isogawa, “Componentwise m-full modules”, preprint (to appear in this volume).

(9) J. Migliore, R. Miro-Roig, S. Murai, U. Nagel and J. Watanabe : “On ideals with the Rees property”, Archiv Math.

101, 445-454 (2013).

(10)J. Watanabe : “The Dilworth number of Artinian rings and finite posets with rank function”, Commutative

Algebra and Combinatorics, Advanced Studies in Pure Math. Vol. 11, Kinokuniya Co. North Holland,
Amsterdam, 303-312 (1987).

(11)J. Watanabe : “m-Full Ideals”, Nagoya Math. Journal, 106, 101-111 (1987).
(12)J. Watanabe : “The syzygies of m-full ideals”, Math. Proc. Cambridge Philos. Soc. 109, 7-13 (1991).
(13)J. Watanabe : “m-Full Ideals II”, Math. Proc. Cambridge Philos. Soc. 111, 231-240 (1992).

Research Reports of NIT, Kumamoto College. Vol. 9 (2017)
— 108 —



