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Abstract In this paper, we treat the equation (p™ —1)/¢" =(¢™ —1)/ p* =k , where k is a fixed integer. Especially, we study the
cases of & satisfied with 1<k <5 or prime k>7. The equation (p™ —1)/¢" =(¢" —1)/ p" =k has solutions in the cases of
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1. Intoroduction
Let a, b, x, y be positive integers. The diophantine equation «* —b* =c, where ¢ is a fixed nonzero integer, has

been treated by many authors. In the case of ¢ =1, the following Catalan’s theorem(" is well known:
Catalan’s theorem Let qa, b, x, y>1.Then a*—»b" =1 has aunique solution (a, b, x, y)=(3, 2, 2, 3).

M.A Bennett® proved, if a, b>1, a*—b"=c has at most two solutions in x and y. We can find that two

solutions of a*—b"=c in x and y, corresponding to the following set of equations:

32 =32 =1; 23 =2"-3=5; 203 =283 =13;
2 -5=2-5=3; 13'=3'=13"-37 =10;

(1.2) 91' =2' =91° —2" =89 ; 6—2'=6-2"=4; 15 -6 =15 —6"=9;
280" —5'=280°—57=275;  4930' —30' =4930> —30° =4900;

6*—3'=6"-3"=1215.

Furthermore, he referred the following conjecture:

Conjecture If a, b>1 and ¢>0,then «"—»b" =c¢ hasat mostone solutionin x and y, except for those triples

(a, b, ¢) corresponding to (1.2).

Let p, ¢ be primes with p<gq. In this paper, we treat the equation p" —¢" =p™ —¢” =c, where x, x, ¥, »,
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are positive integers with x, <x, and y <y,.Now,let x,=x,—x, y,=»,—» . Then p"—¢g" =p° —¢” leads

X2 Yz
(1.3) P 1_4 Lkem.
q p

2. Equation ' ,_I:qu_lzk

q" )2

Let p and ¢ be primes with p<gq.Let x, y, x, and y, be positive integers. In this section, we consider

the equation

en Pl -l

where k& is a fixed positive integer. Then, since p<gq, it follows x,>1 and gt p—1. Here, we note as follows:
If £ isoddthen p=2 and ¢ isan odd prime;

If k£ iseventhenboth p and ¢ areodd primes.

2.1 Thecaseof k=1
Let k=1.Then (2.1) leads

(2.1.1) A —
and

(2.12) " -2 =1.

Theorem 1 The system of equations (2.1.1) and (2.1.2) has two solutions (g, x,, ¥, x,, y,)= (3, 3, 1, 2, 2),
G L1 21.
Proof  Itis proved by using Catalan’s theorem. Since x,, >1, it follows y =1 from (2.1.1).

First, suppose x,>1 and y,>1. Then, (2.1.2) has a unique solution (q, x,, y,)=(3, 3, 2). Thus, from (2.1.1),
x,, =2 1is obtained. Therefore (3, 3, 1, 2, 2) is a solution of system of equations.

Next, suppose x, =1 or y,=1.If x =1, from (2.1.2), then ¢"> =3, and so (g, y,)=3, 1). Thus, from (2.2.1),
» =1 is obtained. If y,=1, by adding (2.1.1) and (2.1.2), then 2" —2%=2. Thus 2% '—-2""'=1, and so

(x,, x,)=(1, 2). Therefore, in each case, (3, 1, 1, 2, 1) is a solution of equations.

2.2 Thecaseof k=2

Let k=2.Then (2.1) leads
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where s=v,(¢—-1).
Then we have (p—1)/2=1, and so p=3. Thus (3" —1)/2¢" =1 and so 3" —-3=2(¢" —1). If s>1, since
x,>1, then —3=0(mod 9). We have a contradiction. If s=0 then (¢—1)/2=1, and so ¢g=3. This is a

contradiction to p < ¢ . Therefore, from now on, we can suppose s=1. And, it follows (¢—1)/6=1,andso ¢=7.
Then (2.2.1) leads

(222) 3 —-1=2.7"

and

(223) T ] = 31 .

Proposition 1 Let d be a square free integer. Let ¢(=a+3v/d be a element of quadric field Q(/d). Put
¢("=a,+pB~Jd for neZ.Thenboth o, and 3, are satisfied with the recurrence formula X, ,=2aX,, —N()X, .
Proof Since (P=a’+3d+2a8Jd =0’ +Fd+2a(—a) , it follows (*=2a(—N() . Thus
¢ =2a¢"" = N()¢", and 50 «,., + 8,.,4d = 2a(a,,, + B,.,Nd) — N(C) e, + 3,4d) . Therefore the proof is complete.

U
Theorem 2 The equation (2.2.2) has no solutions.

Proof The equation (2.2.2) gives x,=1(mod2) . Suppose y,=1(mod2) is odd. It follows v,(7" —-1)=1.
Then, from (2.2.2), 2=v,(2(7" —1)) =v,(3(3"™ —1)) >2 is obtained. We have a contradiction.
Suppose y,=0(mod2). Let x,=2x+1 and y, =2y (x, yeN).Then (2.2.2) leads
(224) 37 —6.77"=3.
Let ¢=5+26 be the fundamental unit of Q(+6). Put " =¢ +u,6 for ncZ . Then, there exists NeN such

that 3" +7"v6 = (3+/6)e" = (3t, + 6u,) + (¢, +3u,)\6 . Furthermore, put v, =z, +3u, . Then sequence {v} is

satisfied with v, =1, vy =11 and v, ,=10v,,, —v,. Thatis ---, 1, 11, 109, 1079, 10681, ---. Since v, ,=10v,,, —v,, it
follows v,,,=3v,.;,—v, ,=v,,, —3v,,, =—v,(mod7). Thus 7¢tv,.This is a contradiction to v, =1, +3u, =7".
Therefore (2.2.2) has no solutions.
U

2.2 Thecaseof k=3
Let k=3.Then (2.1) leads

(2.3.1) 2% —1=3.¢"

and
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@32 4l a7l 5
25 2 \(q_l)

where s=uv,(g—1).

The equation (2.3.1) givesx,, =0(mod2). Let x,=2x(xeN). If x=1 then ¢" =1. We have a contradiction.
Therefore, from now on, we can suppose x>2. Then (2.3.1) leads 4(4" > +---+1)=¢" —1. Thus v,(g" —1)=2.
Hence y, =1(mod2)and s=2.Furthermore, from (2.3.2), we have (¢—1)/2°=1 or 3,andso ¢=5 or 13.

Let y,=2y+1(y€NuU{0}). Then (2.3.1) leads
(233) 2% -15-57 =1

or

(2.34) 27 -39.13¥ =1,

Proposition 2 The equation (2.3.4) has no solutions.
Proof  Let ¢=25+439 be the fundamental unit of Q(+/39). Put " =7, +u,\39 for ncZ. Then, there exists

NeN such that 2 +13°+/39 =1, +u,~/39 . Since ¢, is satisfied with #,=1, 4, =25 and ¢,, =50, —1,, it follows

n?

2+1t,. This is a contradiction to ¢, =2* .Thus (2.3.4) has no solutions.

Proposition 3 The equation (2.3.3) has a unique solution (x, y)=(2, 0) .

Proof Let ¢=4++/15 be the fundamental unit of Q(/15). Put " =1, +u,15 for neZ. Then, there exists
NeNU{0} suchthat 2*+5"\15 =1, +uy~/15. Furthermore, u, is satisfied with u, =0, 4, =1 and U, =8u,., —u,.
Thatis ---, 0, 1, 8, 63, 496, 3905, ---. Thus we have

Uy os =3,y — U, =3u, ;= 3u, ,=u,.,—3u,,, =—u, (mod5)
and

un+5 = 73un+4 - un+3 = 73un+3 + 3un+2 = un+2 + 3un+l = 7”71 (mOdl 1 )'

Therefore, for neN, 5|u, leads 5|n.Furthermore 5|n leads 11|u,.Hence, u, =5" leads 11|u,,if NeN.We

n

have a contradiction. Thus N=0. Then we have 2*=4 and 5" =1. Therefore (x, y)=(2, 0) is a solution of

(2.3.3).
O

Theorem 3 The system of equations (2.3.1) and (2.3.2) has a unique solution (g, x,, ¥, X,, Vu, )=, 3, 1, 4,
2,2).

Proof From proposition 2 and 3, it will be sufficient to prove that (x, y,)=(3, 2) is a unique solution of (2.3.2)
as (g, s)=(5, 2). Then (2.3.2) leads

(2.3.5) 5w -3.2"=1.
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Since 3|5 —1, it follows y,=0(mod2).Let y,=2y'(yeN).From (2.3.5), We have

(23.6) 254 p1=2v"

If y is even then 2%°=25""4...41=0(mod 13 ). We have a contradiction. Thus )’ is odd. Then, since
25" ... 41 isodd, it follows x,=3.Thus y'=1,andso y,=2.Therefore (3, 2) is a unique solution of (2.3.2).

O

24 Thecaseof k=4
Let k=4.Then (2.1) leads

12

—1 _q71 q}’lz —1

Q41 P2=L.p oy,

4 q'(p-1 4p p"
where s=v,(¢g—1).
Theorem 4 The equation (2.4.1) has no solutions.
Proof @ Wehave (p—1)/4=1,andso p=5.Thus (5" —1)/4¢" =1,andso 5% —4¢" =1.1f s>1,since x,>1,
then —5=0 (mod25). We have a contradiction. If s=0 then (¢4—1)/4=1, and so ¢=35. This is a contradiction to

p <gq . Therefore, from now on, we can suppose s=1. And, it follows (¢—1)/20=1, and so g=21. This is a

contradiction to prime.
Thus (2.4.1) has no solutions.

2.5 Thecaseof k=5
Let k=5.Then (2.1) leads

(2.5.1) 2% —1=5.¢",
and

(2.52) ¢ —1=5.2".

Theorem 5 The system of equations (2.5.1) and (2.5.2) has a unique solution (g, x,, ¥, X, ¥u)=0G, 4, 1, 4, 4).
Proof The equation (2.5.1) gives 4|x,. Let x,=4x(x€N). Then 3(16""'+---+1)=¢" 1is obtained. Thus we
have ¢=3 and

(2.53) 167 4 +1=3""

If x>1 then x=0(mod3). Thus 16* +16+1|16"" +---+1. Since 16> +16+1=273=3x7x13, it follows 7|3"".
We have a contradiction. Therefore (x, y,)=(l, 1) is a solution of (2.5.3).

Similarly, (2.5.2) gives 4]y,,. Let y,=4x(xeN). Thus we have
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(2.54) 8P4 p1=2""",
If y>1 then y=0(mod2). Thus 81-+1|81""'+---+1. Since 81+1=82=2x41, it follows 41|2""'. We have a

contradiction. Therefore (y, x,)=(1, 1) has a solution of (2.5.4). And the proof is complete.

2.6 The case of prime &k >7
Let %k be a fixed prime with %k >7. Then (2.1) leads

(2.6.1) 2% —1=k-q",
and

(2.62) ¢ —1=k-2".

Proposition 4 If ¢g=3 then the system of equations (2.6.1) and (2.6.2) has no solutions.
Proof Let ¢=3. Then, since 3|2 —1, it follows x,=0 (mod 2). First, suppose x,=0 (mod 4 ). Let
x, =4x (x€N). Then, from (2.6.1), we have (2> +1){(2* —1)/3"}=k. Thus (2> —1)/3" =1, and so 2**-3" =1.
Therefore, by Catalan’s theorem, we have (x, y,)=(l, 1) . Hence (x,, »,)=(4, 1) is a solution of (2.6.1). Furthermore
k=35 holds. This is a contradiction to k>7. Next, suppose x,=0(mod4). Let x,=4x+2(xeNuU{0}). Then,
(2.6.1) leads, we have {(2>"' +1)/3"}(2*" —1) = k . We consider the following cases;

(A) " 4+1/3" =k and 27" —1=1;

(B) @*"+1)/3" =1 and 2*"'—1=k.
In the case (A), 2*"'—1=1 give x=0. Thus 3/3" =k is given. Hence y =1 and k=1 hold. This is a
contradiction to £ >7. In the case(B), (2> +1)/3" =1 leads 3" —2*"' =1. Thus, by Catalan’s theorem, we have
(x, )=, 1) and (x, y)=(, 2). When (x, »)=(0, 1) holds, k=1 is given. This is a contradiction to k>7.
When (x, »)=(, 2) holds, k=7 isgiven. Thus (x,, y, k)=(6, 2, 7) has a solution of (2.6.1).

Then, from (2.6.2), we have 7|3"> —1.Hence 6]y, . This result leads 3°—1|3" —1. Since 3°—1=728=2°x7x13,
it follows 13|2" . We have a contradiction. Thus the system of equations (2.6.1) and (2.6.2) has no solutions.

U]

From now on, we can suppose ¢>5. Then ¢==+1(mod3) holds. Therefore, if y, is even then 3|g": —1. Thus,

from (2.6.2), we have 3|k . This is a contradiction to prime k>7. Thus y, is odd. Similarly, from (2.6.1), we can

obtain that x, is odd. Furthermore, we have

is Legendre’s

2 :[2“]:[@*'1)“
q q q

:[1]:1 , where notation
q

symbol. Thus g=+1(mod8). Similary, k= +1(mod8) is obtained.
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Proposition 5 If y,>1 then the system of equations (2.6.1) and (2.6.2) has no solutions.
Proof The equation (2.6.2) leads {(¢—1)/2"}{(¢"> —1)/(¢—D}=k . Since (g—1)/2" <(¢"> —1)/(g—1), it follows
(@q—1/2" =1.Hence ¢g=2"+1.Since ¢ is a prime with ¢>7, it follows x =0 (mod2). Then, from (2.6.1), we

have 2" +1=¢|2" —1. We have a contradiction, because x, =0 (mod2)and x,=1(mod2) hold. Thus the system of

equations (2.6.1) and (2.6.2) has no solutions.
U]

Let y,=1.Then (2.6.2) leads

(2.63)  g=k-2"+1

Proposition6 4 If x =1 or x =2 then the system of equations (2.6.1) and (2.6.3) has no solutions.
Proof  First, suppose x, =2.(2.6.3)leads g=4k+1.If g=1(mod8) then k=0 (mod2). This is a contradiction
toprime k>7.If g=—-1(mod8)then 2k=—1(mod4). We have a contradiction.

Next. Suppose x, =1.(2.6.3)leads g=2k+1.If g=1(mod8)then k=0 (mod4). This is a contradiction to prime
k>7.1f g=—-1(mod8)then k=-1(mod4). Since k==+1(mod3), it follows k=—1(mod8). We note that x,, is
odd with x,, >3. Thus, from (2.6.1), we have (—1)" =1(mod8). Hence y, iseven.

On the other hand, if g=1 then k=0 (mod3). This is a contradiction to prime £ >7.Thus ¢g=-1(mod3). And

it follows k=—1(mod3). Then, from (2.6.1), we have 1=(—1)"""(mod3). Thus y, is odd. We have a contradiction,

and the proof is complete.
U]

Theorem 6 The system of equations (2.6.1) and (2.6.3) has no solutions.

Proof By proposition 6, it will be sufficient to prove this for the case where x, >3. Then, (2.6.3) give
g =1(mod 8 ). Furthermore, since x,, isodd with x,>3,(2.6.1) gives k=—1(mod8).

Now, let O,(2)=m (mUN\{1} ). Then, there exists s€N such that ¢’ |2"—1 and ¢*"' 2" —1. From (2.6.1), we
have m|x,. Thus m is odd with m>3. If 2" —-1=¢4" then —1=1(mod8). We have a contradiction. Thus
2" —1=k-q* . Furthermore, since m|q—1 , (2.6.3) give m|k-2" . Thus m=k . Then, since

k-¢° =28 —1=20""=1)+1, it follows 0=1(mod k ). We have a contradiction, and the proof is complete.
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