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On g-anaolgue of Hypergeometoric Series

Nobuo Kobachi™

Abstract In this paper, we treat a gq-analogue of hypergeometric series. First, we define a g-analogue of hypergeometric series

f(x; a, B, ). And we find a q-hypergeometric differntial equation. Next, we consider local fundamental solutions at x=0 and

x=o in a q-hypergeometric differntial equation. Moreover, we obtain integral represents of each loca fundamental solution.
Finally, we consider local fundamental solutions at x=1 in a g-hypergeometric differntial equation by using a change of
variable.-
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1. A q-HYPERGEPMETORIC DIFFERENTIAL EQUATION

Let ¢ be a fixed number with 0< ¢ <1. The hypergeometric series is defined by f(x ; a, B, )= i%x”
n=0 }/5 n , N

>

1 =0
where (a, n)={ (n=0) and «, B, y are real constants

a(a+)(a+2)-(a+n-1) (n21)

Then we define a g-analogue of hypergeometric series as

=g 9,4" 5 9,
1.1 -y DD,
(.D @) ZS @5 9.5 9, '

for |x|<1, where (a; q)n:{l ) (n:O).
(1-a)1-ga)--(1-¢""a) (n=1)

Proposition 1.  The function (1.1) is a solution of g-hypergeometoric differential equation
(12)  xU-x)A A f()+iy, —(a+ B+, XITA, f(x)-e BT, f(x)=0,

. -7
where a, = 11 9 s a g-analogue of number a , T,p(x) = p(gx) is a g-shift operator and A ¢(x)= % isa
—-q —q)x

g-differential operator.

a ., B . 1— a+n 1— B+n
_g D" 5 Dy o haye G qm)( qm) .
@ 5 9,5 9, a, (A-¢"")1-4"")

Thus we can obtain an equation

Proof. When we puta,

(1.3) xi(a +n),(B+n),a,x" = i(y +n),(n+ l)qa,,ﬂx”+1

n=0
©
= Z(7+n -D,nax" .
n=0

Now we define a differential operator D, as D,p(x)=x""A_{x"p(x)} . Then, from (1.3), we have

(1.4) xD,D,f(x)=D, \D,f(x).
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Moreover, by directl calculation on D, , we have
D,D,p(x) = x'""A [x"""A {x"p(x)}]
=ab,p(x) +1q°b, +q"(a+1),}xA,0(x) + ¢ A A, p(x)}
=abp(x)+i(a+b+1), —(1-qabxA,p(x)+{1-(1-g)a+b+ l)q}szq {A,0(x)}
=ab,{1-(1—-q)xA jp(x)+(a+b+1), x{1-(1-q)xA A p(x) + szq 1A, 0(x)}

=abT p(x)+(a +b+l)ququ(p(x)-kszq{Aq(p(x)} .

97979

Thus, from (1.4), we have
(A=A A, f()}+{y, —(a+ B+ X TA f(x)-a BT f(x)=0 O

, a solution of g-hypergeometoric differential equation (1.2) is equal

1-¢T
Remark. From D, ¢(x) :M
-4

to an equation

(15)  x(1-¢"T)A-¢"T) f(x)=(1~¢" T)1-T)f(x) .

2. SEREIS EXPANSION
In this section, we find local solutions of g-hypergeometoric differential equation
(2.1 x(1-¢"T)A-¢"T)p(x)=(1-¢""'T,)1-T)o(x) .

Proposition 2. Local fundamental solutions of (2.1) at x=0 are

=G s 9,4" 5 9,
22 ()= T L Dy ( 1)
@2) ) ,,z:::(qy;q),,(q;q)nx i<

and

a-y+l p-y+l

- (g ; 9),(q 5 D
2.3 = ’§ n n 1) .
23 Px)=x = @7 9,49, (<)

Proof. Weput o(x)= Zanx”M~ (a,#0) .
n=0

From (2.1), we have
i(l _ qa+n+)rl)(1 _ qﬁ+n+/{71)an?lxn — i(l _ qy+n+ﬂ.71)(1 _ q;x+l)anxn
n=1 n=0
Thus, we obtain
(2.4) (1-¢"*"N1-¢"=0
and

25  A-g" Y=g e, =(1-g Y1 = g a, (n2]).

From (2.4), we have 1=0, 1-y . Thus, from (2.5), we obtain
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(¢"; 9,4" ;5 9),

I A=0

@ .qs 9, " (4=0)
a = . O
n a-y+1 B-y+l

(q ; 0.(q ; 9) _
. rg, (A=1-y)
@75 9,45 9, “

Proposition 3. Local fundamental solutions of (2.1) at x=o are
—-a (q > Q) (qa i ’ Q) —a—-pB+)n _—n —a-p+1
(2.6) o, (x)=x = n g (r=e=frhn (|x\>q’ At
’ Z A NCERIN
and
(q 5 q) (qﬂ7y+l 5 Q) —a-p+n__—n —a-pf+1
(2.7) o, (x)=x7" — g (x| > g7 )
Z:(ﬂ EORCER))

Proof.  We put go(x):ianx’”” (a,#0) .

n=0

From (2.1), we have

)

2(1 _ qa7n+)h)(1 _ —n+i )a ¥ 2(1 y= n+/1)(1 _q7n+)_+l)a”_1x7n

n=0
Thus, we obtain
(2.8) (1-g""(1-¢""*)=0
and

2.9) (I=g""=¢""a, =(1-¢""" Y=g Da,_ .

From (2.8), we have 1 =-a, —p Thus, from (2.5), we obtain

("5 P, 75 p),

G o, o AT

@’ p,e" 5 p _
; ra, (A=)
P p)(pop), “

n b

where p=¢™' and (a; p), =(1-a)1-pa)---(1-p"a).

Moreover, by (a; p), =(-1)'p”"" "a"(@"; q),, we have

(qa 5 q)”(qa—;«n 5 q)n (yfafﬂﬂ)nao (/'L——a)
_ @ a9, N 0
n B . B-y+l . :
((q ﬂ—,az)n(q) ( 5 q))n q(yfafﬂﬂ)nao A=-p8)
q > 4),94 5 9),

3. INTEGRAL REPRESENTATION

In this section, we state each integral representation of local solutions of g-hypergeometoric differential equation

2.1).
We use the following notations;

n(n- 1) n Jn(n— 1) n

* X1 =x(gx)(g" %) = ¢ ) * [x]) =x(px)---(p"'x) = p* )

i (“j @ p), i {a} _ ("5 9,
n), (q;q,’ n) (pip),’
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* (x+[y * (x+[y,

[l o) dyr= ia ~)q'a plq'a).

n=0

Remark. Using a change of variable x=1/¢, the equation I: @(x) d x

By using the g-binominal theorem (see (1))

Z(a q)n X" =

(g5 9),

(ax; q).,

wro, UF<D

where (a; g), =lim(a ;

Lemma. The following equations are satisfied.
-y/ 5 ) a -a
3.1) (x+[y]q)“=%x (ly/x|<q™)
_-a / ; . -
(3.2) (x+[y],,)a=wx (Iy/x|<q™)
Proof.  We have
N AR q)n (¢ q)
(x+[y])" =x* » I =x" .
! Zﬁ @5 9, Zﬁ 5 ),
and
a__a "5 9 SICA
(x+[x1,)" =x pa——
! =l (s q)n Zé )

a

q), » we can obtain the following lemma.
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2("] "
= X W,
n=0 n P i’

o dx=-30-ppap(p'a).

J' 40(1/)

——=dt is satisfied.

oY = (=y/x; q), L

/x)" =

(a/x) (=q°y/x; q).,

( /%) = (=g “y/x; q)mxa 0
(—qv/x; q).,

Remark. From (3.1) and (3.2), we have (x+[y],)* = (x +[q"“y]q)“ .

Numbers a and b are positive. In (1), a g-analogue of S -function is defined by B, (a, b)= L

Hence we can rewrite B,(a, b):ﬂx“"(l—[qx] )" d,x. And we note the equation B, (a, b)=

a1 (g% 5 ), dx.
(¢"x; q).,

T, (@, ()

is satisfied,
r(a+d

where a g-analogue of T -function is defined by T (a)= %(1 Q)
Theorem. If 0<a<y<1 and 0< <1, the following equations are satisfied.
na 1(1 [q1],) "
33) |, oy dt=B(a, y—a) p(x) (|x|<1).
a 1 y—a-l1
(qt (11, o
(3.4) j”x el L B (B-y+1, 1-B) p,(x) (|x] <1).
p
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gt (1= [qt], )

(-5 I T])ﬂ dt=q"""B (a, 1- Pp,(x) (|x|>g ") .
(3.6) fw % d,,t:q(y"’)(ﬂf”z)’qu(,B—y+l, r—a), ) (x|>q ") |

where ¢(x) and ¢,(x) are defined by proposition 2, ¢,(x) and ¢,(x) are defined by proposition 3.

Proof. We have

@ 9,49,
7 () Zﬁ @ g,

@ 9. 9.4 ),
(@ 9. f Z .5, *

_G 9.5 D, @ ) o
@ 9.5 @@, 5 (@5 9

AR )R U ) @5 Dy by
@ ;5 Dyi (@5 9), Z(; @5 9, @)

_@ 9.4 g, z " 9.@" x5 ), w
y a+k

@ 5 ;9. =( s D)o(dx 5 q),

Z( — ) -g"e (1-[g""1,) "

B(a r-a)is (1-[¢"x1)

I S (G COD i
Ba, y-a)  (-[x])

Similarly we have

1  PT(=t/q] )

L (x) = ‘ £ dt
Ry l—ﬂ)J.O (x=[11,) !
_ 1 I 7l (=[], )
B,(B-y+1, 1= pl(x-[l/q,) 7
_ "7 = =)
= t,
B (f-y+1 1-p)"Vx (xt—-[1],) !
B el i z”"‘(l—[qt]q)HH
#0)= B,(a, 1- ) ) (=[x, “
and
q(a*w(ﬁ*wl) P Py (1 — [qHaiyt]q)yiail
4 = 1- dqt
2.(x) B,(B-y+], ;/—d)jo (x-[q ﬁt]q)ﬂ

2+(a-y)p-7+2)

_ S Ul B
B(B-r+l y-a)™ (-1

4. LOCAL FUNDAMENTAL SOLUTIONS AT X=1

In this section, we treat a change of variable ¢=1-x
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In detail, ¢"x correspons to r=1-¢"x. Thus, if ¢(g"x) corresponds to w(q"t)=p(1-g"t). A g-shift operator

T,p(x) and a g-differential operator A @(x) correspondto Tw(t) and -A w(¢) . Indeed, we have

T o(x)=9(gx) = @(-gx)=y(qt) =Ty (1)

and
A,p(x) = e —plg) | pA-0-ed-g1) __y@O-y(q)
X—qx 1-0-(1-qt t—qt
By this change of variable, we transform a solution of g-hypergeometoric differential equation
(4.1) x(I=)A{A o)} +{y, —(a+ f+1), ;T A p(x) —a T e(x) =0 .
Therefore, (4.1) corresponds to a g-differential equation
(4.2) (A=0DA Ay O +{(a+f+1), -y, —(@+ B+ DDAy () -, fTy(1)=0.
1-T —q"°
Moreover, by substituting A ¢(t) = ((%)()ﬂt(t) and a, = 11711 for (4.2), we have
-9 -9
@3)  -gT)A-¢"T)y)=(1-T){1-(q" +4*" —¢" T}y (1).

If 1+¢“7"'>q”,weput 5=log (1+¢“"" -q").

Then, from proposition 1, fundamental solution of (4.2) or (4.3) are

N T AU )
4.4 (=>4 d > D
44 Vi) Z;‘ @ .5 9, t
and

oo (g ; 0.(q 3 D
4.5 ()= 4 g,
(+3) vel)=t z& @5 9.(q;5 9, '

a-5+1 B-6+1

Therefore, as ¢ —1, we have

. < (@, n)(B, n) n
(4.6) ngll‘//s(t)_;(a+ﬂ_}/+1, n)(1, n)t
and

. _papy @ Wy =fn)
4.7) limy (1) =1 S(y—a-p+1, n)l, n)t '

Remark. In (2), it is shown that local solutions of a g-differential equation (1-x)A f(x)+a, f(x)=0 are
f)=0-[x])" at x=0 and f(x)=(x-[1],)" at x=co. By using a change of variable #=1-x, this g-differential

equation corresponds to A g(t)+e,g(t)=0, where g(¢)= f(1-¢) . And its fundamental solution is given by g()=1".
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