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On g-analogue of Difference Operator with Non-integer Order

Nobuo Kobachi*

Abstract In this paper, we study a g-analogue of difference operator with non-integer order. The main theorem is that the
composition rule for this operator is satisfied. And, by the result, we calculate the g-integral and g-differential with non-integer
order for a g-exponential function.
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1. INTORODUCTION

In this paper, we study a g-analogue of difference operator with non-integer order.

For a function f(x), the Rieman-Liouville fractional derivative ,D_“ is defined by

(D)) :ﬁ [Ce=0 @y dr. (1.1)

In(1),fora=0,a>0 and x=0 ,aqg-analogue of (1.1) is definded by
1 o9
AN == | =g f(0) dyt . 1.2
4 r,(a) L ( q / (1.2)

In order to extend the range of « , we rewrite definition (1.2).
In the second section , we state a q-analogue of difference operator D; with non-integr order and examples. In the

third section, we state that the composition rule D"/ =D oD/ is satisfid. And, for proof of the composition rule, we

treat a gq-analogue of Pascal’s traiangle, Leibniz formula and Vandermonde convolution formula. In the forth section, we

—a I-a
calculate D,“e (x), D, “e,(x) for 0<a<I.
Let ¢ be a fixed number with 0<g<land » be anatural number. We use the follwing notations:

. (a 5 q),, :(l—a)(l—qa)...(l_qnfla)’

“(aiqy=1 and (a:q),=[]0-q"a).

n=0

n_1=q" :

s, =lvgtetg :?,q—naturalnumber,
. _ _: 9, -
(n)), =1,%x2,x--xn, = o2y , q-factorial;

for k=0, 1, ---, n, q-binomial coefficient;

. U e @M
k), (kY A(n=Kk)'}, (G 9

a—k+1
. [aj U ) , general g-binomial coefficient;
k), (qs
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D = - ) g = e for xg,
@"y/x; q.
C (r—[y) =X Do

=— x* for |y/xl<q™®
(q“y/x; q).

2. DEFINITION

A g-analogue of difference operator with non-integer order is defined by

a _ D nyon
D! f(x) = )ava @ o q"f(q"x). 2.1

Example 1. We have

S ()~ f(gx)

D!
(1) D f(x)= R

=A,f(x), g-difference,

(i) D' f(x):i(l—q)q"x f(g"x) = L f() dt, Jackson integral.

(x5 @), _~(a; q)

Example 2. By the g-binomial theorem
;9. =59,

~x" for |x|<1 in(2), we have

A-a 1+A-a
SR SR C RS ) B Y 2.2)
I=-9)" (@5 .

Thus, for neN, the following equations are satisfied:
(1) Dix*=(A—n+l),(A-1),A4x"",

A+n

X
S (A+n), e (A+2), (A,

iy e X0 (q59),
() b -2 (¢ 9), ta<l),

where T' (1) is a g-analogue of I'-function. Itis defined by T (1)= % (I1-¢g)" for 1>0 in(2).
q9 ;49

Example 3. For neN, we have

n 5q)A
qu(X)— q)xz(q, D q'f(q"x)

1 7 . Ltke1-2n
"oz @ ¢ 1)

1 z n Ln-t1-n-t) .
L Ny 2 -
0 q)nxng ) [n_k]q f(q"*x)

q

3 1 SIEARETE) nk
_7(1_(])%%”("_1))6" M[k] =T)"" f(x)

q

_(A=-T)g-1)-(¢"" =T)f(x)
(1 q)n *’7(" l) n

=ATf(x).
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Example4. For «>0 and |x[>0, we have

D f(x) =(1- q)xz% (@)

n+l

IR N C ) 0
= 1— A L .
rq(a)g( DI @5 9., * S

=%g}aw)q"x-(xf[q"“x])“*' f(g")

1 > a-1
“T@ [ Ce=tar) " 1) dyt.

Thus D,“f(x) isag-analogue of Riemann-Liouville integral (See(1)) .
3. MAIN THEOREM

Lemma 1 (q-Pascal’s triangle) .

Let » be anatural number. For k=1, ---, n, we have

n+l) (n waa[ M) [ n Jn
k q_kq”’ k-1), " k—1q+q k),
Proof. We have
(n] ”M( n j (nh), q"’“'(n!)q
+q = +
k), k=1), (kD {(n=0)L, (k=D {(n—k+D1},

_ (nh),
(k) {(n+1-K)Y,

{(n+1-k), +q"" "k, |

T+ 1R,k

.. . n+1 n A n
Similarly, we can obtain = +q .
k), \k-1) k),

Lemma 2 (q-Leibniz formula) .

We have

(1), [n+1]

A (0)g(x)} =Z[Z] AT ()T Ay g (x) = Z[Zj TA  f(x)-Ajg(x)
k=0 4 k=0

where T is g-shift operator satisfied with 7f(x) = f(gx) .
Proof. Obviously,
A (Dg()}=A,7(x)-Tgx)+ f(x)-A,g(x)=A, f(x) g(x)+Tf (x)- A, g(x)

is satisfied.
By Lemma 1, we have

AU (g () = AZ(Z] AT F () T AR ()

n

k

n [}7] Agﬂikf(x) . Tn+17kA1;g(x) + Z":an(

k=0 k=0

] A ()T A g (x)

q
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- n n+l—k n+l—k A k <& n+l-k n n+l-k n+l—k A k
=2, | AT G- A g(x)+2q AT T AL ()
=0 q q

Similarly, we can obtain
A f () ()} = AqZ[ZJ TEAI (x)- Alg(x)
k=0 q

n+l

k A n+l-k k
_z[ ] T'AF f(x)- Al g(x) .
Thus, by induction, we can obtain the result of Lemma 2.

Lemma 3 (q-Vandermonde convolution formula) .

We have

a+ﬂ _ n a ﬁ k) n o ﬁ R
)AL gL )

Proof. We have the following equations;

a+
. AZxaHB — (n!)qxcﬁBn( . ﬂj ,
q

N AR TN = (), a B (n=kXpb)
() o F5) e

q

n o ﬂ )

. T An k_a AA s _ | a+p-n k(a—n+k) .
e P

k=0

Thus, by Lemma 2, we can obtain the result of Lemma 3.

By relation % g™ =(=1)y'g""" [a] , the result of Lemma 3 is also rewritten as follows:
q;q), n),

- ﬂ n -a -, . n -a -, .
(CARE ) M Y U ) W UG’ ) MR S C S ) WO C R ) It

(q; 9, = @ Do (g5 9y i @5 Do (g5 9y
Theorem. We have

D" f(x)=DJ{D; f(x)} -
Proof. By (3.1), we have

K (x):u—q)“*” “*’*;(q(q, 7)q) a0

3.1)

s -p.
:mzq 1q" x)z P Do (475 O e

(I-9) @G D, (@59
_ 5 @y 7 (G5 @y
A1) x £ (q q)k Z (g3 9, /)
— z 3 Q)A 7al:z(q n n+kf(qn+l:x)
A=) x" = (g5 ) pord q)n
1 < (q ’ q)k k I: ; Q) n n
R S ) Z @ 9, 170V
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=DJ{D; f(x)} .

4. APPLICATIONS

In this section, we study the g-analogue of difference with non-integer on a exponential function.
In (2), two g-analogue of exponential function are definde by
1 & (1-9)” . 1

_y =9 x" for |x|<oo, =limn, = —

eq(x): . - .
(A-9x; 9., =(q; 9, o l-¢

and

E,(x)=(-(1-¢)x; q), for xeR

Lemma4. For |x|<wo, , we have

v_(1=9)" .. " a1
Z:‘)mx :aqeq(x)Lt Eq(—qt) dqt .

Proof. We put
S (l_q)n a+n
SO = — X"
;(q "),

Then we have

a+n-1

-9

8,f(x)=3 4 -

2 ~(a+n)qx

o _ n—1
—a xa—] +z (1 Q) x(z+n—]

a-1 S (1 - Q)n xotn

B TP
=a '+ f(x),
and so
A S~ f)=ax . (4.1)

We use the variation of constant. We know that a solution of q-difference equation A f(x)-f(x)=0 is
f(x)=Ce,(x). Thus we put f(x)=C(x)-¢,(x) and substitute it in (4.1). We have
A,C(x) e, (gx)= aqx“" s
and so
C(v)=aq, ft""Eq(—qt) di.
Hence we have

[0 =a,e,(x) fl“'lEq(—qt) dp.
Proposition 1. For 0<a <1, we have

D,%e (x)=e,(x)-Erf,(x; a), 4.1)

1 o
here E ca)=—— | t"'E (—qt) d.t .
where Erf (x; @) r@ ,(—=q1) d,

Proof. By Example 2(iii) and Lemma 4, we have
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D;ae (x) — 1 Z (1 l_ q) Xt
r L (a+)I @ 9),

e, (%)
T, ()

J:t“"Eq (—q1) d,t

=e, (%) Erf,(x; a).

Proposition 2. For 0<a <1, we have

D;’“eq(x) = +e, (x) Erf (x5 @). 4.2)

1
L (a)x"
Proof. By Theorem and Proposition 1, we have
D!, (x) = D} {D;“,(x)}

=A, {eq(x) “Erf,(x; a)}

x“'E ,(=gx)

=e,(x)-Erf,(x ; a)+e,(qx) I (@)

:W‘Feq(x)'E}ffq(x 5 06).

Remark. For « =% and x>0, we have the follwing equations:
limD, e, (x) = ¢ Erf (V).

+eErf(Vx),

Ll,lglc Die,(x)=

1
N7x
2 29 2
where Erf(x)=—= | e dt is the error function.
0= 7
Proof. We have
. 1 1
i (5)-r{3) -
and
1 1 o1 2 o
ImErf | x; —|=—=| t 2"’ dtz—gfe't dt .
ime [+ 1)~ | N
Thus the result of remark is given from (4.1) and (4.2).

(Manuscript received Sep. 27, 2010)
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