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On g-Laguerre Polynomials

Nobuo Kobachi*

Abstract In this paper, we study a g-analogue of Laguerre polynomials. We give a g-analogue of Rodrigues’ formula,
recurrence formulas, Laguerre equations and  orthogonality.
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1. INTORODUCTION

In this paper, we study a g-analog of Laguerre polynomials. We give a g-analogue of Rodrigues’ formula, recurrence
formulas, Laguerre equations and orthogonality.

Let g be a fixed number with 0<qg<1.
We use the following notations:
q

1-
‘n =1+q+-+q" =—
4 q q 1-q

n

, g-natural number;
* (nN), =1, %2, x---xn,, g- factorial;

[n) (nh, N .
. =———"— @- binomial coefficient;
k), kD LK),

+ o, =limn, :L,q-infinity;

q n—om 1-

1

- [a]" =a-(qa) -+~ (q"*a) = q*"""a" , g-shift n-th power.;
« Tf (x) = f (gx) , g-shift operato;

@-Tf)

PO T o

, g-difference operator;

C 7100 =3 - q)a"af ("), Jackson’s integral.
n=0
See (1). Both

X" 1
e“(X):g(m)q S g, KR

and
B Sl L
Eq(X)—nE:O—(n!)q (-@-a)x; q),

mean g-analogues of exponential functions e*, where

0

(a; q),=]]a-0").

n=0

For 0<x<w,,ag-analogue of Laguerre polynomial is defined by
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L,(x) = = ,)qu(;[ 1 ( J As(X"). (1.1)
Indeed, for n=0,1,2,3, we have

LO(X):l,

L(x)=1-x,

L0 = g 0202,

L(X) =— (3|) {0° @), —q-8;-2,x+3X° = x°} .

Then, in relation to Rodrigues’ formula, recurrence formulas, Laguerre equations, orthogonality, we obtain the
following theorem:

Theorem. We have
) Rodrigues’ formula.

L, (X) = &, (@A {Eq {— X ]X—} . (1.2)
g™ ) (nh),

) Recurrence formulas.

(XA, =n)L, (x) =-n,L,,(X), (1.3)

L(x) =L, ,(x)—q j: Lo () dt. (1.4)
) Laguerre equations.

q"xA;L, () + (9" = x)A, L, () +n,L,(x) =0, (1.5)

A, {Eq (—X)%A, L, [3)} :—2—: E(-gx)L, (x). (1.6)
) Orthogonality.

j:“ E, (gL, ()L, (x) d,x=0"5,,,, (1.7)

where &, isthe Kroneker’s delta.

These proofs are shown in each section after this.

2. RODRIGUES’ FORMULA

In this section, we prove g-analogue of Rodrigues’ formula.
We note that two functions e, (x), E,(x) have the following properties:

Age,(ax) =a'e, (ax), AGE,(ax) =[a]"E,(q"ax) .

By g-Leibniz formula (see Appendix), we have

n X X" 1 (M) pranke [ XL Ak
e (-5 an S e (e
1 1. n
:[—1]”(n!>q§(kj {[ l]E( ¢ J}A(X)

Research Reports of Kumamoto — NCT. Vol.1 (2009)




E
S j A 00)

= E, (o)L, (x).

Thus, by e, (X)xE,(-x) =1, we have

L0 —e (@oat) _ij_”},
()= e,(@9) { [ e

and so we can obtain Rodrigues’ formula.

3. RECURRENCE FORMULAS

In this section, we give two recurrence formulas.
We put

00 = 2[4 (Ej A450¢)

q

= kZ:;[—l]k [:jq (:]q (k !)q X"

Then we have
n

XA, () = 2[ 1 ( j [kj (KD, (n—k) X"
:i[—l] ( ] [ ] (K1), (0, — 0"k )X
:nqln(x)+q”‘12[—1]k‘l[m U(') (kD) kX"

and so

(x&, ~n), (x)—q“nZZ[ 1]“(” 1}[ ]{(k 1, X

LS «(n-1) (n-1 n-1-k
=q nqg;[—l] [ ) l[ ) jq(k!)qx
n 1 Z _1(X)

Thus, by dividing [-1]"(n!), , we have

(XA, =n )L, (x) =-n, L, ,(X) .
On the other hand, by a g-analogue of Pascal Triangle Identity

n n-1 (n-1
= +q ,
k k-1 k
q q q
we have

(@) = i[—l]k (E] [Ej (K1), (@

() oo e o onr
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ot ~1) (n-1 nt ~1) (n-1 -k
=—q”‘1nq2[—1]k{”k j (”k J (k" +q“nq2[—1]k[”k j [”k j kD, -

q k=0

= _qnflnq|n71(X) +qnnq ...0 In—l(t) dqt .

Thus, by dividing [-1]"(n!), , we have

L(x) =L, _,(x)—q j: Lo () dt.

4. LAGUERRE EQUATIONS

In this section, we give two g-analogues of Laguerre equation.
By (1.3) and (1.4), we have

N AATL, ()} =g {A, L, () —aL, . (x)}
=(Aq =N, L, (¥}
= (A, —a)(ny —xA,)L, (¥),
and so
gxASL, (¥) + (- ax)A, L, () +an, L, (x) =n.A,(1-T)L,(x)
=n,A{A-a)xA L, (x)}

= (L= 0"){AL, (0 + axA7L, (0}
Thus we have
q"xALL, (X)+ (9" = X)A, L, (x)+n,L, (x) =0.
And furthermore, from this difference equation, we have
anAé Ln (X) + (qnil - an)Aq Ln (X) = (1_ qn)XAq Ln (X) - nq Ln (X)
=—n{1-A-a)xA I, (X)
=-n,TL,(X),
and so

XATL, () + (97 = x)A,L, (X)+97"n TL,(x) =0

Since T™A, =qA,T™, we have

qué {Ln [%)} +(1-x)A, {Ln [3}} +9 "'n,L,(x)=0.

We note that
A, {Eq (=x)-x-A, f (x)} =E, (—qx){quﬁ fO)+@L=x)A, ()}

Then we have

sfronean ) -sconfmtfu e oG]

n
= —q—i E, (9L, (%) .
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5. ORTHOGONALITY

Weput 4, =-q"n, and

(0, 900 =" E,(-a) f ()g(x) d,x.
First, we show that (L,(x), L,(x))=0 if n=m.

From (1.6) and qTA, =A.T , we have

A, {Eq (—X)XA L, &j L, (x)} A, {Eq (—X)XA, L, Gj} L (x) +T {Eq (—X)XA, L, &j} AL, ()

= ﬂ‘n Eq (—qX) Ln (X) Lm (X) +Eq (—qX) XAq Ln (X)Aq Lm (X) :

Since j:Aqf(x) d,x= f(a)- f(0), we have

A, (L, (x), L,(x) =—J:q E, (=ax)xA, L, (A, L, (x) d X. (5.2)
Similarly, we have
A (Ly (0, L, (0) == Eq (<0)XA, L, (AL, (%) dx. (52)

Thus, by subtracting (5.1) from (5.2), we have
(ﬁ“n _ﬁ’m)(Ln (X)' Lm (X)) =0.
Hence we obtain

(L(x), L,(x)=0,if nzm. (5.3)

Next, we show (L,(x), L,(x))=q".

For x" , there exist constant numbers c,, ¢, ---, ¢, such that
n
X" =>cL(x). (5.4)
k=0

Then, by (5,3), the following properties satisfy
(X, L,(x))=0 (k=0, 1, -, n-1),

(", L) =[-11"(n), (L, (x), L,(x))
Thus, by (5.1) and (1.3), we have
A1 (1) (L (%), L (X)) = 24,(X", L,(X)
=-n,(x"*, xA,L, (X))
=-ng(x", L,(x)~L,4(x)
=0, [ (), (L, (X), L, (X))
and so
(L, (), L,(x) =a(L,,(x), L,(x)).

Hence, from this recurrence formula, we have

(L), L)) =09"(L(x), Ly(x)

= q”J':“ E,(-ax) d,x
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=q"[E,(-0)]"

=q

Appendix
Lemma (g-Leibniz formula). We have

\ n k A n—k k
Ag{f(x)g(x)}=Z[k] {7 A F(03A9(X).

proof. Obviously, a g-Leibniz formula is satisfied for n=1, so that

ALF)gO)}=A, F(X)-g(x)+TF(x)-A,9(X) .
And we have

Ag“{f(x)g(x»:Aqi(E) {67 £ (33900

n

= [:) {qkT kAgﬂ-*k f (X)}Az g (X) +i[:} {T k+1Ag—k f (X)}Atﬁlg (X)
q k=0

k=0 q

= i[:) {qkT kAgﬂ—k f (X)}Agg(X) +nz+1[kr11] {TkAgﬂ—k f (X)}Aﬁg(x)
=A™ (X) g () +T " () A g (x) +Z{(k J +qk[Ej }{TkAg*”f(x)}Agg(x)

= A" (X) g () + T (%) A9 (%) +Z( ) {TE A T 003A,9(x)

n+l

n+1
= Z( " j {T AT £ (03G9 (%).
q
Thus, by induction, a g-Leibniz formula is satisfied for all natural number n.
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