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On q-Laplace transformation 

Nobuo Kobachi＊

Abstract In this paper, we treat a q-Laplace transformation in 
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= ∑ . In the first half, we state that the 

similar transformation, the shift transformation, the transformation in differantial and integral are satisfied. Especialy, 

in section 3, we treat a q-analogue of β -function and a q-Laplace transform in convolution ( )( )f g x∗ . In second, 

we solve some linear ordinary differential equations of second order with constant coefficients by using an inverse  
q-Laplace transformation and obtain a q-Laplace transformation in product of an error function and an exponential 
function. 
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by the q-binominal theorem. 

(See (1).) 
Theorem (q-biominal theorem). 
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2. DEFINITION 

Let ( )f x  be a function for 0x ≥ . We define a q-Laplace transformation in ( )f x  as 
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Example 2.  For a q-exponential function 
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       ( [ ])qF s λ= − .

Proposition 3.(transformation in differantion) 
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   Thus, (3.4) is obtained. 

Proposition 4.(transform in integration) 
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   Thus, (3.6) is obtained. 

4. CONVOLUTION 

In this section, we treat a q-Laplace transformation in convolution.  
First, we state a scaling of Jackson’s integral. 
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Finally, we state a q-Laprace transformation in convolution.  
Proposition 5.(q-Laplace transformatiopn in convolution) 
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 And, From (DE3), we have 2( )
1q
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s
+

=
+

. Therefore ( ) ( ) ( )q qf x ACos x BSin x= +  is a soluton of (DE3). 

APPENDIX 
In (3), a q-analogue of error function is defined by 
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and we obtain that the equation 
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is satisfied. Where a non-integral order differntial operator qD α−  is defined by 
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On the other hand, from 

1
0 0

( 1)
[ ( )] [ ]

( !) ( !)

nn
qn

q q q n
n nq q

n
L x e x L x

n n s
α α

α

λ αλλ
∞ ∞

+
+ +

= =

Γ + +
= =∑ ∑ ,

we have 

0

( ; )
[ ( ) ( ; )] (1 ) ( )

( ; )
n nn

q q q q q
n n

q q
L e x Erf x L q x q e q x

q q

α
α αα

∞

=

⎡ ⎤
= −⎢ ⎥

⎣ ⎦
∑

－ 75 －



Research Reports of Kumamoto-NCT. Vol. 3 （2011）

On q-Laplace tansformation (kobachi) 

  Research Reports of Kumamoto - NCT. Vol. 3  (2011) 

1
0 0

( 1)( ; )
(1 )

( ; ) ( !)

nk
qnn

k
n kn n

q kq q
q q

q q k s

α
α

α

α∞ ∞

+ +
= =

Γ + +
= − ∑ ∑

( 1)
1

0 0

( 1) ( ; )(1 )
( ; )( !)

q n kn
k

k n nq

k q qq q
q qs k s

αα

α

α∞ ∞
+

+
= =

Γ + +−
= ∑ ∑

1

1 1 1
0

( ; ) ( ; )(1 ) (1 )
( ; ) ( ; ) (1 ) ( ; )

kk

k k k k
k k

q q q qq q
s q q s q q q q q

αα

α α α

+ +∞
∞ ∞

+ + + + +
= ∞ ∞

− −
= ⋅ ⋅

−∑

1
0

1 1
k

ks sα

∞

+
=

= ∑ 1
( 1)s sα=
−

We remark that 1 ( )
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is satisfied. 
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